ROMANIAN JOURNAL OF INFORMATION
SCIENCE AND TECHNOLOGY
Volume 17, Number 3, 2014, 237–251

Construction and Notation of Convex
Polygon Triangulation
Based on Ballot Problem
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Abstract. In this paper we provide a new way for constructing and storing the convex polygon triangulations. The main motivation for the presented
method is derived from two combinatorial problems: ballot problem and problem
of lattice path. The method is derived upon the so-called movement through
polygon. The movement is defined on ballot records and validity of the lattice
path through the grid. We give two algorithms: Triangulation to ballot and
Ballot to triangulation. Also, we give a method to make coding for a ballot
record or the corresponding triangulation even more compact using a stack. All
mentioned algorithms are implemented in the Java programming language.
Key words: Triangulation of convex polygon, Catalan numbers, Ballot
problem, Lattice path, Stacks.

1. Introduction
The process of the polygon triangulation is a highly time and space consuming
procedure. Therefore, it is very important to provide an eﬃcient mechanism for
generating the polygon triangulations and their storage, as well.
A variant of the ballot problem in combinatorics can be stated as the following
[4]. Two candidates, A and B, are running for an oﬃce. Find the number of ways
in which 2n votes can be counted in such a way that two following conditions are
satisﬁed. The ﬁrst one is that at each count the number of votes received by A is
greater than or equal to the number of votes received by B. The second one is that

238
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each person gets n votes. Any valid sequence of votes A and B represents a ballot
record.
The ballot problem is closely related to simple random walks. The Catalan number
gives the cardinal number of possible ballot records deﬁned in this way as well as the
number of possible movements in the problem of lattice path (about the topic see
e.g. [4]).
In the present paper we provide an application of the described ballot problem and
the problem of lattice path in an algorithm for constructing and storing the convex
polygon triangulations. We give two mutually inverse algorithms. The algorithm Ballot to triangulation generates triangulations of a convex polygon based on the ballot
records stored in a matrix. The inverse algorithm, called Triangulation to ballot, generates a ballot record corresponding to the given triangulation. The former algorithm
is the procedure that constructs a convex polygon triangulation corresponding to the
given ballot record. The later algorithm is the procedure which encodes particular triangulation by the corresponding ballot record. Also, we give a more compact coding
for a ballot record or a triangulation using a stack.
The rest of the paper is organized as the following. Section 2 contains some preliminary observations concerning ballot problem and lattice path and their correlation
with the Catalan number. In Section 3, we present a method for the construction
of convex polygon triangulations and their notation based on ballot records. In Section 4 we specify an application of a stack in the storage of ballot records. Some
experimental results are presented in the last section.

2. Preliminaries
We consider 2n votes of which n votes go for the candidate A and n votes go
for the candidate B. The ballot problem can be illustrated graphically by a lattice
path in a grid that consists of n2 points in the Cartesian coordinate system [4]. The
problem refers to ﬁnding a number of paths between the origin (0, 0) and destination
point (n, n) not crossing the line deﬁned by these two points. Each lattice path in
a grid can be encoded by a speciﬁc sequence of vectors which deﬁne the shift to the
right or upwards. The shift to the right means the movement from the lattice point
P (x, y) to the lattice point P1 (x + 1, y) while the upwards shift means the shift from
the lattice point P (x, y) to P2 (x, y + 1).
In combination with the ballot problem, any shift upwards corresponds to the vote
for B, while any shift to the right corresponds to the vote for A. Each lattice path,
which consists of 2n shifts in the n × n grid, corresponds to a ballot record of length
2n (see Fig. 1).
Example 2.1. The following Table 1 can be formed for the voting sequence
AABABB. This voting sequence corresponds to the movement through the lattice
path from Fig. 1. Note that integers within a row denote numbers of the speciﬁc vote
occurrence.
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Fig. 1. A movement through the lattice path
and corresponding ballot record (AABABB).
Table 1. Tally of the votes in the ballot record AABABB
A
1
0

Tally for candidate
A
B

A
2
0

B
2
1

A
3
1

B
3
2

B
3
3

Based on the rules of Ballot records each combination starts with the ﬁrst vote
for the candidate A (as for each iteration the rule is: ai ≥ bi ), then all combinations
of records that begin with B are thrown out. In the last iteration (where i = 2n) the
condition ai = bi must be fulﬁlled. So the number of invalid paths equals the number
of permutations of 2n letters (A’s and B’s), of which n − 1 are of one kind (A’s) and
n + 1 are of a second kind (B’s), namely [4]:
(2n)!
=
(n + 1)!(n − 1)!

(

2n
n−1

)
(1)

( In case
) a(= b =)n we obtain the total number of combinations:
2a
2n
=
. If we remove the combinations that are not valid, obtained on
a
n
the basis of (1), then the number of valid combinations is:
(

2n
n

)

(
−

2n
n−1

)
=

1
n+1

(

2n
n

)
= Cn ,

n ≥ 1.

(2)

For obtaining the number of valid Ballot records it can be applied also Segner’s
recurrence relation [4].
Proposition 2.1. Number of valid Ballot records (Rn ) correspond to the Catalan
number (Cn ).
Proof. Let Rn denote the number of possible permutations (Ballot records) of the
elements Ai and Bi where i = 0, 1, ..., n − 1. The ﬁrst i pairs can be correctly grouped
in Ri ways and the remaining n − i − 1 pairs in Rn−i−1 ways. Using the multiplication principle, these two events can take place together in Ri Rn−i−1 diﬀerent ways.
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Because this is true for each value of i, by the addition principle:
Rn =

n−1
∑

Ri Rn−i−1 = R0 Rn−1 + R1 Rn−2 + ... + Rn−1 R0 ,

(3)

i=0

where R0 = R1 = 1, R2 = 2, R3 = 5 and etc.
Thus Rn satisﬁes the same recurrence relation and the same initial condition as
Cn . Consequently, Rn = Cn for every n ≥ 0.
Two matrices of the order n, denoted by An and Bn , can be formed based upon
all legal voting sequences for both candidates. The elements in An and Bn represent
the numbers of votes at the moment of adding each new vote. On the other hand, the
matrices An and Bn contain the ﬁrst and second coordinate for the points deﬁning
the lattice path in n × n grid, respectively. These matrices can be transformed into
the form of a single matrix, denoted by Rn , whose rows correspond to ballot records.
Example 2.2. Let us consider the case of 2n = 6 voters where three of them vote
for candidate A and three for candidate B. Two matrices A3 and B3 can be formed
to store all ballot records. The matrix A3 contains the ﬁrst and matrix B3 the second
coordinate for the points deﬁning the path in the lattice path. These matrices can be
represented in the form of one matrix with the ballot records (R3 ).




1 2 3 3 3 3
0 0 0 1 2 3
 1 2 2 3 3 3 
 0 0 1 1 2 3 




 , B3 =  0 1 1 1 2 3 
1
1
2
3
3
3
A3 = 




 1 1 2 2 3 3 
 0 1 1 2 2 3 
1 2 2 2 3 3
0 0 1 2 2 3



R3 = 



A
A
A
A
A

A
A
B
B
A

A
B
A
A
B

B
A
A
B
B

B
B
B
A
A

B
B
B
B
B




.



The elements of the matrices A3 and B3 indicate the number of occurrences of the
character A and B, respectively, within a row in R3 . The number of valid combinations, i.e. the number of rows in R3 is equal to C3 = 5.

3. Convex polygon triangulations and ballot problem
Polygon triangulation is an important problem applicable in computer graphics.
Restricted to the convex case, triangulations are deﬁned by non-intersecting internal
diagonals of the polygon. The number of diﬀerent triangulations of an (n + 2)-gon is
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equal to Cn – the n-th Catalan number. Ratio of Catalan number and the number of
triangulation of convex polygon can be expressed as:
Cn = Tn+2 , n ≥ 1.

(4)

Since the number of triangulations increases rapidly, it is important to provide
an eﬃcient mechanism for storing and representing a large number of diﬀerent triangulations. The process of movement through the lattice path combined with the
ballot record serves as a good idea for creating a system of recording the triangulations. Later, on the basis of these records we can get graphical presentations of these
triangulations.
We use the following basic idea in the triangulation algorithm based on valid ballot
records of length 2n which correspond to the convex polygons with v = n + 2 vertices.
Convex polygon is divided into v triangle regions by v imaginary lines that connect
vertices with the center of the polygon, denoted by 0. These triangles are denoted by
△(0, k, l), where k and l are the adjacent vertices of the polygon. Inside each of the
triangles one interior point is chosen, except for the triangle △(0, 2, 3). These points
are denoted by Tj , j = 1, . . . , n + 1. Without a loss of generality, one can assume
that our polygon is regular and the triangles are the characteristic isosceles triangles,
while for Tj we can choose the gravity centers of these triangles.
The movement through the polygon is based on the ballot record. Movement
towards the internal point Tj is indicated by A, while movement towards the corresponding external edge is marked by B.
The initial rule in our procedure is that the movement starts from the side δ1,2
and leads to the point T1 (beginning of the path is always marked with the character
A). The movement is performed in the clockwise direction. Two possible movements
are allowed from the center Tj : towards the center of the next non-visited triangle in
the clockwise direction (corresponding to A) or towards the external edge of the next
non-visited triangle in the clockwise direction (corresponding to B). Note that by the
visited triangle we assume a triangle in which we have crossed its external edge.
The procedure ends when we have visited all outer sides (marked with B) except
the ending edge δ2,3 , which is adjacent to the starting edge and forms a closed contour
of the polygon.

Fig. 2. The general form of movement through the polygon.
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Figure 2 presents the general form of the movement through the polygon, where
the movement is based on the occurrence of the character A or B in the ballot record.
The main path (inside the polygon) is deﬁned by the appearance of the character A,
while the deﬂections from the inside path to the corresponding outer edge are deﬁned
by the appearance of the character B. In this way, one can always specify the region
through which the movement is performed.
3.1. Transformation from ballot record to triangulation
In this section we present an algorithm for constructing triangulation based on
a given ballot record. The input of Algorithm 1 is a ballot record, i.e. a row of
the matrix Rn , which contains 2n characters A or B. It is known that there are Cn
diﬀerent valid ballot records. If we want to produce all triangulations of an (n+2)-gon
we should apply this algorithm on each of these ballot records.
Algorithm 1 Ballot to triangulation
Require: A ballot record, denoted by b = {b1 , . . . , b2n }.
1: Create a polygon with v = n + 2 vertices;
Find the centers Tj , j = 1, . . . , n + 1.
Set an array visitedj , j = 1, . . . , n + 1, on false.
Begin the movement from δ1,2 side in the clockwise direction.
Set k = 1, j = 1, and the starting point of the movement is Pk = T1 (because it is
always b1 = A).
2: for i = 2 to 2n

2.1: If the current character in the ballot record is bi = A, then find the smallest
j2 ≥ j where visitedj2 = f alse.
Set j = j2 , k = k + 1, Pk = Tj .
2.2: If the current character in the ballot record is bi = B, then find the smallest
j2 ≥ j where visitedj2 = f alse and set visitedj2 = true.
2.2.1: If there are two successive characters B in b then return for one more node
back by setting j = j − 1.
3: Draw the internal diagonals based on Algorithm 2.

Output: Generated triangulation corresponding to the ballot record from the input.

Algorithm 2 Finding intersections in the polygon
Require: Path Pk , k = 1, . . . , n inside a polygon.
1: for i = 1 to m; where m is the number of all polygon diagonals, m = v(v − 3)/2
1.1: Choosing a diagonal from the set of all internal diagonals ({δ1,3 ;. . .δ1,v },
{δ2,4 ; . . . δ2,v }; etc.)
1.1.1: If the chosen diagonal intersects with only one part of the path Pk AND if it
does not intersect with the previously drawn diagonal - THEN draw the diagonal
1.1.2: ELSE - Choose the next diagonal (go to step 1.1)
Output: v − 3 internal diagonals (without the intersections).
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The implementation of this procedure (Algorithm 2) in Java can be done by using
built-in classes Triangulator from the package GeometryInfo. More speciﬁcally, the
process of ﬁnding a possible cross-section can be realized using reference methods of
class Triangulator in combination with the method intersects from class Polygon.
Example 3.1. Let us illustrate how Algorithm 1 produces a pentagon triangulation
corresponding to the ballot record AABABB (which corresponds to the movement
through the lattice path from Fig. 1). The process illustrated in Fig. 3 can be presented
by steps as follows.
(1) Since the ﬁrst character in ballot record is A, the movement begins from the
starting side δ1,2 and P1 = T1 .
(2) The second character is A, and the movement goes inside the polygon in the
clockwise direction, towards the point P2 = T2 .
(3) The next character in the record is B, and the movement loops around the next
non-visited outer edge (δ1,5 ) and returns to the point T2 (reached in the previous
step). Set visited2 = true.
(4) The next character is A, and the movement continues in the clockwise direction,
towards P3 = T3 .
(5) The next character is B, so the movement loops around the next left outer side
δ4,5 and returns to the node T3 . Set visited3 = true.
(6) The next character in the record is B, and the movement loops around the next
left outer side (side δ3,4 ). We return back one more point, i.e. in T2 . Set
visited4 = true. There are no more characters in the ballot record, so our
movement is ﬁnished.
(7) Upon the path P traversed inside the polygon the corresponding triangulation
can be constructed. Draw all possible internal diagonals that cut the path inside
the polygon marked with A (based on Algorithm 2). In this case, the possible
non-crossing internal diagonals that intersect the given path marked with A’s
(i.e. with T1 , T2 , T3 ) are δ1,3 and δ3,5 .

Fig. 3. Construction of the triangulation based on the ballot record AABABB.
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3.2. Transformation from triangulation to ballot
Now we present an algorithm for coding a particular convex polygon triangulation
by appropriate ballot record (opposite to Algorithm 1). This procedure can also
be called “movement through triangulation”. The movement is performed in the
clockwise direction. One of two characters A or B appears as a result of each particular
move. When we cross over the internal diagonal - write the character A, otherwise,
for the outer edge – write the character B.
Proposition 3.1. Catalan number determines the number of possible “movements
through triangulation”.
Proof. With b we denote the number of outer sides of the polygon and with a the
number of diagonals. The starting side is treated as a diagonal (as it must start the
record with mark A). If we denote with v the number of vertices (or sides) of convex
polygons then equality v = n + 2 is true (based on the formula (4)).
Since we denote the movement through the side δ1,2 with A, then we have the
number of diagonals (v − 3) increased for 1 so it follows that a = (v − 3) + 1 = v − 2.
The number of marks B for the outer sides is decreased for 2 (exclude the start and
end side) so it follows that b = v − 2, so true equality is a = b = n. Since each
triangulation begins with the outer side which is denoted by A, then we throw out all
the combinations of records that begin with B, so the number of combinations that
are thrown is equal to (1).
(
)
2n
We have obtained binomial coeﬃcient
where on its base it follows that
n
the number of combinations of movement through triangulation,
(
) without records of
2n
1
movements which are not valid, and is obtained: n+1
. We introduce the
n
replacement for v = n + 2 and we obtain the following:
(
)
1
2v − 4
(2v − 4)!
=
= Cv−2 = Tv , v ≥ 3.
v−1 v−2
(v − 1)!(v − 2)!
For more information about this predication you can ﬁnd in our paper [7].
In the process of movement, all outer edges and diagonals of a polygon are treated
as the lines (edges) through which it passes.
We use distance between two polygon vertices to make the diﬀerence between an
external edge and a diagonal. Similarly to the deﬁnition of the edge length in [2], we
deﬁne a distance between two polygon vertices.
Definition 3.1. The distance between two integers p, q ∈ {1, . . . , v} is deﬁned as
d(p, q) = d(q, p) = min{|p − q|, v − |p − q|}.
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Algorithm 3 expects a convex polygon triangulation as the input and produces
the corresponding ballot record.
Algorithm 3 Triangulation to ballot (Movement through a triangulation)
Require: A convex polygon triangulation.
1: The movement begins from the starting side δ1,2 (mark A), in the clockwise
direction.
2: for i = 2 to 2n
2.1: If the next side is δp,q , where d(p, q) > 1 (internal diagonal) then put the
character A in the output string and register crossing over this internal diagonal.
2.2: If the next side is δp,q , where d(p, q) = 1 (outer edge), then put the character
B in the output string and return to the node in order to continue moving
through the triangulated polygon.
2.2.1: If we have sent two consecutive B’s to output then return for one more
node.
Output: The corresponding ballot record.
Example 3.2. Let us illustrate the application of Algorithm 3 in the process of
movement through the pentagon triangulation deﬁned by internal diagonals δ2,5 and
δ3,5 (Fig. 4). We will get the corresponding ballot record ABAABB.

Fig. 4. Movement through triangulation.

4. Stack application for triangulations storage
In this section we present an application of a stack for triangulations storage.
Stack is an abstract data type and data structure, based on the LIF O principle,
which has two basic operations: push and pop.
We will connect ballot notation with the operations on the stack mentioned above.
If the current character of the ballot record is A, we push the number of this character
occurrences from the left within the ballot record. When the character B appears, we
pop a number from the stack and send it to the output. In [1] and [4] it is shown that
the number of permutations made using a stack corresponds to the Catalan number.
Here, using the pattern of characters (A or B) in the ballot record, and pushing the
number of A’s occurrences from the left and popping on occurrence of B, we achieve
the same. Therefore, we can uniquely map each ballot record of length 2n to the one
permutation of set {1, . . . , n} made using a stack.
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At the input the ballot record is expected, and since the operation push records
only the number of A’s occurrences, we get a twice shorter output (Fig. 5).

Fig. 5. Railroad tracks - Stack.

Example 4.1. Let AABABB be the input ballot record. The ﬁrst two characters in this ballot record are AA, which means that we push the number 1, then the
number 2.
The subsequent character is B, so we pop the number 2 and send it to the output
(Fig. 6-I).
Next character in the ballot record is A, so we push number 3, and after the
appearance of the next character B, this value is popped and sent to the output. Now,
the output contains two numbers: 2 and 3 (Fig. 6-II).
Finally, after the last character in the ballot record (character B) the value 1 is
popped and sent to the output, which now contains three values: 2,3,1 (Fig. 6-III).

Fig. 6. Example of processing a ballot record using a stack.

Example 4.2. The output values (called shortly SV B - Stack Values based on
Ballot) are determined by the sequence of stack operations based on a given ballot
record. In the case of the pentagon triangulation we have ﬁve diﬀerent ballot records
and ﬁve diﬀerent SVBs:
ABABAB → 123, ABAABB → 132, AABBAB → 213
AABABB → 231, AAABBB → 321.
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There is one more issue: having a valid permutation obtained by stack (SVB), ﬁnd the
corresponding ballot record. Probably one can ﬁnd more than one eﬀective procedure
to do so. We suggest the following one.
Algorithm 4 Map a SVB to the ballot record
Require: The array Pi , i = 1, . . . , n containing a permutation of the set {1, . . . , n}
obtained using a stack.
1: for i = 1 to n do
1.1: If Pi > 0 put Pi characters A to the output.
1.2: Put a single B to the output.
1.3: If Pi > 0 for j = i + 1 to n decrease Pj by Pi .
Output: The corresponding ballot record.

5. Comparative analysis and experimental results
In order to get an evaluation of the presented method, we present a comparative
analysis with the one existing method for triangulation of a convex polygon given by
Hurtado and Noy [3].
The reason why we chose this method is that the generation of triangulation of a
convex polygon is based on hierarchy (Fig. 7), ie the algorithm works by levels. The
number of all combinations in each level is determined by Catalan number.

Fig. 7. Generating triangulation based on Hurtado-Noy method.

Generating triangulation in our method is also based on Catalan number for ngon, respectively on n-th level like as in the existing Hurtado-Noy method. The only
diﬀerence is in generating new triangulation, by Hurtado-Noy method the process
goes by splitting the outer edge of parents in generating new descendants and thus
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it can generate their hierarchy as shown in the previous ﬁgure (about the topics see
[3]). However in our method, generating new descendants is based on the basis of
movement through the polygon based on a given algorithm.

Fig. 8. Generating triangulation based on our method.

Both methods are implemented in Java language (NetBeans environment). Details
of implementation and testing of Hurtado-Noy algorithm are presented in our paper
[5].
Java applications for both methods can be downloaded from:
http://muzafers.uninp.edu.rs/triangulation/Ballot.rar
and http://muzafers.uninp.edu.rs/triangulation/Hurtado.rar
For a better comparison, both methods are analyzed through three phases:
I (Input): what is necessary to provide the start of generating triangulations,
G (Generate): the process of generating triangulations,
O (Output): includes a graphical display of the convex polygon triangulations and
their storage in the form of the output ﬁle.
Phases for Hurtado method (H):
HI - Triangulations for (v − 1)-gon;
HG - Generating triangulation based on hierarchy (tree of triangulations [3]);
HO - The output ﬁle with vertices of the internal diagonals for v-gon.
Phases for Ballot method (B):
BI - Ballot records for v-gon;
BG - A movement through triangulation based on ballot records (Alg. 3.1);
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BO - The output ﬁle with SVBs.
Table 2 presents the results of testing for both methods for v ∈ {5, . . . , 16}. Testing
results are analyzed from two aspects:
• Speed of execution: Time which refers to the phase of generating triangulation without storage (only phases HG and BG ) and total time for all three
phases: input, generating triangulation, output - their storage (labels in the
table Hall and Ball ).
• Memory: Buﬀer occupancy (working memory) during generating all triangulations for the given n (phases HO ; BO ).
In the case of Hurtado-Noy algorithm, the storage process records the vertices of
internal diagonals that determine triangulation. Implementation and experimental
results of this kind of storage methods are given in [6] and a part of them is shown
in Table 2 (columns Hall i HO ). In the case of the ballot method SV B outputs from
the stack are recorded (column BO ) and each of these outputs match exactly the
one ballot record. Number of triangulation of polygons with the number of vertices
v ∈ {5, 6, ..., 15, 16} is t ∈ {5, 14, ..., 742900, 2674440}.
Table 2. Experimental results
v
5
6
7
8
9
10
11
12
13
14
15
16

Execution CPU times (in sec.)
Hall
HG
Ball
BG

Load memory (in Kb)
HO
BO

0.25
0.34
0.43
0.49
0.67
1.18
3.81
12.46
50.51
119.05
318.63
/

0.12
0.46
1.76
6.46
24.49
93.13
355.67
1,363.43
4,121.13
11,523.62
29,874.29
/

0.21
0.29
0.35
0.40
0.55
0.89
2.19
5.81
15.24
46.34
124.18
/

0.24
0.33
0.41
0.47
0.63
1.03
3.51
11.29
43.55
108.07
274.19
677.17

0.22
0.31
0.38
0.44
0.60
0.98
3.09
10.11
38.81
97.13
244.02
572.87

0.02
0.08
0.29
1.05
3.86
14.30
53.40
196.00
502.00
1,441.00
4,295.00
12,752.00

The testing is performed in NetBeans testing module “Proﬁle Main Project /
CPU Analyze Performance” in conﬁguration: CPU - Intel(R) Core(TM)2Duo T7700,
2.40 GHz, L2 Cache 4 MB (On-Die, ATC, Full-Speed), RAM 2 Gb, Graphic card NVIDIA GeForce 8600M GS.
Now we will discuss the obtained results. Table 3 presents a comparison in CPU
times and storage requirements for the tested methods. More precisely, we consider
the diﬀerences in times for generating triangulations only (HG − BG ) and for both
generating and storage (Hall − Ball ). Also, we give diﬀerences in the size of required
memory (HO − BO ) as well as the percentage share the time needed for storage (HS ;
BS ) in the program execution.
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Table 3. Comparison of Ballot and Hurtado algorithms
v
5
6
7
8
9
10
11
12
13
14
15

CPU Times (in sec.)
Hall − Ball HG − BG
0.01
0.01
0.02
0.02
0.04
0.15
0.30
1.17
6.96
10.98
44.44

-0.01
-0.02
-0.03
-0.04
-0.05
-0.09
-0.90
-4.30
-23.57
-50.79
-119.84

Memory (in Kb)
HO − BO
0.10
0.38
1.47
5.41
20.63
78.83
302.27
1,167.43
3,619.13
10,082.62
25,579.29

Storage (in %)
HS
BS
16.00
17.71
18.60
19.37
20.91
24.58
42.52
53.37
59.83
61.08
63.19

8.33
8.46
8.55
8.71
8.79
8.85
10.97
11.25
11.48
11.62
11.97

Based on the testing results, it can be concluded:
• Ballot method gives better results in the case where both generation and storage
are included at the same time (Hall −Ball ). The reason for this is that the application of SVBs outputs from the stack, requires signiﬁcantly fewer information
at the time of execution. The diﬀerence in the size of the required memory
for Hurtado and for Ballot method is given in Table 3. Signiﬁcant savings are
achieved by applying SVB output (HO − BO ).
• Hurtado-Noy algorithm gives better results if we take into account the time
required for generating a triangulation (time for only the generating phase,
HG − BG ).
• With S we denoted share of time for storage (in %) in the total time (Hall ,Ball ).
On the basis of numerical data, value S is signiﬁcantly diﬀerent in the methods
mentioned above. Applying SVB outputs, BS is smaller for Ballot method (from
8% up to 12% for v = 5, . . . , 15). In the implementation of storing by HurtadoNoy hierarchy, the value HS ranges from 16% up to 63%. This signiﬁcantly
aﬀects the ﬁnal results relating to the implementation of generating and storing
triangulation.

6. Conclusion
We have developed two algorithms which related to a combination of ballot problem and convex polygon triangulations. The signiﬁcance of the presented algorithms
is reﬂected in the eﬀective construction of the convex polygon triangulations and their
recording and storing.
In terms of storage, this method with ballot notation provides a unique system
for recording triangulations. We presented the possibility of processing ballot records
by a stack. Obtained SVBs can be stored in an output ﬁle for the later usage.
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The advantages of this type of storing temporary results are multiple. We have
signiﬁcant saving in the memory space, both in the current buﬀer and in the size of
output ﬁle as well. The savings of working memory enable triangulation generation
for polygons with a larger number of vertices before we need to use a disk I/O. In
this way we can achieve a better time for generating the triangulations.
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