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Abstract. We present a new semantics of the πI-calculus, namely the

nominal semantics. A set of compact transition rules is given in terms of nom-

inal logic by using a specific nominal quantifier. Based on several nominal

techniques, it is proved an equivalence between the new nominal semantics and

the original semantics of the πI-calculus, emphasizing the benefits of presenting

the transition rules by using the nominal techniques.

1. Introduction

The aim of this paper is to present a set of compact transition rules for the πI-
calculus. These transition rules are expressed using the quantifier ∀ and the nominal
quantifier N. Using some results presented in Section 2 we are able to prove that the
new transition rules defined in this paper and the original transition rules presented
in [21] provide the same transitions.

The notion of choosing a fresh name often arises when manipulating syntactic
expressions; therefore it is necessary to indicate some constraints whenever describing
such a syntactic manipulation. Often it is just said that a name is fresh without
specifying any restrictions. In such a case, we mean that the fresh name must be
different from any name occurring anywhere else in the expression or program. Some
programming systems have mechanisms for renaming, for binding a name with a value
and for managing sets of such bindings. Modern programming languages are designed
to manage bindings and fresh names by using the notions of scopes, workspaces, or
environments. Since renaming, binding and fresh names appear in several approaches,
it became evident that they deserve to be studied in their own terms.

The FM set theory, also known as the theory of nominal sets, was originally
developed in 1930s by Fraenkel and later by Mostowski to prove the independence of
the Axiom of Choice from the other axioms of the Zermelo-Fraenkel (ZF) set theory.
It was rediscovered and used by Gabbay and Pitts [13] to model the syntax of formal
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systems involving variable binding operations. An advantage of modeling syntax in
a model of the FM set theory is that datatypes of syntax modulo α-equivalence can
be modeled inductively. This is because FM set theory delivers a model of variable
symbols and α-abstraction. The FM axioms are precisely the Zermelo-Fraenkel with
atoms (ZFA) axioms over an infinite set of atoms [13], together with the special
property of finite support which claims that for each element x in an arbitrary set we
can find a finite set of atoms supporting x. Since the support of x is defined as the
least finite set of atoms supporting x, we can always find a fresh name for x, i.e., an
atom which is not in the support of x.

In λ-calculus, a general computation model, the α-equivalence class of a λ-term
x have the support of x represented by the free variables with respect to x (Ex-
ample 2.13). This means that Fraenkel-Mostowski set theory solves the problem of
choosing fresh names, and it can be a more suitable framework for computer science.

The π-calculus was designed to be a foundation for the concurrent computation,
in the same way as the λ-calculus is a foundation for sequential computation. The
communication between processes in π-calculus is realized by some communication
channels. Programs in the π-calculus are systems of parallel processes that synchro-
nize via message-passing handshakes on named channels. The π-calculus embodies
the view that in principle most, if not all, distributed computation may usefully be
explained in terms of exchanges of names on named communication channels. The
finite support property give us a mathematical reason for what such a renaming is
always possible. Also, the FM set theory is the axiomatic support for the construction
of the nominal logic.

Since we can use the same axioms of set theory for describing both the nominal
logic and the π-calculus, we can try to apply the nominal techniques in the π-calculus.
This is the central idea of [3]. The πI-calculus (or simply πI) was introduced by San-
giorgi in [21]; it is a variant of the π-calculus in which the free outputs are disallowed.
We apply the nominal techniques to obtain a new semantics of the πI-calculus, in
a similar way we did for the π-calculus in [3]. For this we use a special nominal
quantifier Nwhich provides the possibility of removing the free variables (which are
represented by the notion of support) from the scope of a rule. Nx means that x can
be fresh for other parts of an expression; for example, ∀x. Ny.∀z.expression is true iff
∀x, y, z.(y is fresh for x) ⇒ (expression) (more details are given in Proposition 2.18
and Proposition 2.19). A mixing of ∀ and Nis used to replace the side conditions in
the transition rules of this process calculus. Finally, we prove an equivalence between
the expressive power of nominal semantics and the usual semantics of the πI-calculus
presented in [21].

2. Fraenkel-Mostowski Set Theory

The aim of this section is to keep the paper self-contained by providing several
nominal techniques used in order to define the nominal semantics of the πI-calculus.
The notions we present are slightly modified versions of those introduced in [11, 13].
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Let A be an infinite set of atoms, characterized by the axiom “y ∈ x ⇒ x /∈ A”,
which means that only non-atoms can have elements.

Definition 2.1.

i) A transposition is a function (a b) : A → A defined by
(a b)(a) = b, (a b)(b) = a and (a b)(n) = n for n ̸= a, b.

ii) A permutation of A is generated by composing finitely many transpositions.

Let SA be the set of all permutations of A which leave unchanged all but finitely
many atoms. It can be proved that SA is the group of all bijections π : A → A
generated by composing finitely many transpositions.

Definition 2.2.

• Let X be a ZF-set. An SA-action on X is a function · : SA ×X → X having
the properties that Id · x = x and π · (π′ · x) = (π ◦ π′

) · x for all π, π′ ∈ SA and
x ∈ X.

• An SA-set is a pair (X, ·) where X is a ZF-set, and · : SA × X → X is an
SA-action on X. We simply use X whenever no confusion arises.

Definition 2.3. Let (X, ·) be an SA-set. We say that S ⊂ A supports x if for each
π ∈ Fix(S) we have π · x = x, where Fix(S) = {π |π(a) = a,∀a ∈ S}.

When for an element x in an SA-set we can find a finite set supporting it, we also
say that “x has the finite support property” or “x is finitely supported”.

Definition 2.4. Let (X, ·) be an SA-set. We say that X is a nominal set if for
each x ∈ X there exists a finite set Sx ⊂ A which supports x.

Theorem 2.5. ([13]) Let X be an SA-set, and for each x ∈ X let Fx = {S ⊂
A |S finite, S supports x}. If Fx is nonempty (particularly if X is a nominal set) then
it has a least element which also supports x. We call this element the support of x,
and we denote it by supp(x).

Proposition 2.6. ([13]) Let (X, ·) be an SA-set and let π ∈ SA be an arbitrary
permutation. Then for each x ∈ X which is finitely supported we have that π · x is
finitely supported and supp(π · x) = π(supp(x)).

Example 2.7.

1. The set A of atoms is an SA-set with the SA-action · : SA ×A → A defined by
π · a := π(a) for all π ∈ SA and a ∈ A. (A, ·) is a nominal set because for each
a ∈ A we have that {a} supports a. Moreover, supp(a) = {a} for each a ∈ A.

2. The set A of atoms is an SA-set with the SA-action · : SA ×A → A defined by
π · a := a for all π ∈ SA and a ∈ A. (A, ·) is a nominal set because for each
a ∈ A we have that ∅ supports a. Moreover, supp(a) = ∅ for each a ∈ A.
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3. The set SA is an SA-set with the SA-action · : SA × SA → SA defined by
π · σ := π ◦ σ ◦ π−1 for all π, σ ∈ SA. (SA, ·) is a nominal set because for each
σ ∈ SA we have that the finite set {a ∈ A |σ(a) ̸= a} supports σ. Moreover,
supp(σ) = {a ∈ A |σ(a) ̸= a} for each σ ∈ SA.

4. Any ordinary ZF-set X (like N,Z,Q or R for example) is an SA-set with the
SA-action · : SA ×X → X defined by π · x := x for all π ∈ SA and x ∈ X. Also
X is a nominal set because for each x ∈ X we have that ∅ supports x. Moreover,
supp(x) = ∅ for each x ∈ X.

5. If (X, ·) is an SA-set then ℘(X) = {Y |Y ⊆ X} is also an SA-set with the
SA-action ⋆ : SA × ℘(X) → ℘(X) defined by π ⋆ Y := {π · y | y ∈ Y } for
all permutations π of A, and all subsets Y of X. Note that ℘(X) does not
necessarily be a nominal set even if X is. For example A is a nominal set but
℘(A) is not a nominal set because the subsets of A which are in the same time
infinite and coinfinite don’t have the finite support property. For each nominal
set (X, ·) we denote by ℘fs(X) the set formed from those subsets of X which are
finitely supported according to the action ⋆ . (℘fs(X), ⋆|℘fs(X)) is a nominal
set, where ⋆|℘fs(X) : SA ×℘fs(X) → ℘fs(X) is defined by π ⋆ |℘fs(X)Y := π ⋆ Y
for all π ∈ SA and Y ∈ ℘fs(X); the codomain of the action ⋆|℘fs(X) (which is
in fact the action ⋆ restricted to ℘fs(X)) is indeed included in ℘fs(X) because
of Proposition .

6. Let (X, ·) and (Y, ⋄) be SA-sets. As in the classical ZF theory we define the
cartesian product X × Y as the set of ordered pair (x, y) = {{x}, {x, y}} for
x ∈ X and y ∈ Y . X×Y is also an SA-set with the SA-action ⋆ : SA×(X×Y ) →
(X×Y ) defined by π ⋆ (x, y) = (π ·x, π ⋄ y) for all π ∈ SA and all x ∈ X, y ∈ Y .
If (X, ·) and (Y, ⋄) are nominal sets then (X × Y, ⋆) is also a nominal set.

7. Let (X, ·) and (Y, ⋄) be SA-sets. We define the disjoint union of X and Y by
X + Y = {(0, x) |x ∈ X} ∪ {(1, y) | y ∈ Y }. X + Y is an SA-set with the SA-
action ⋆ : SA × (X + Y ) → (X + Y ) defined by π ⋆ z = (0, π · x) if z = (0, x)
and π ⋆ z = (1, π ⋄ y) if z = (1, y). If (X, ·) and (Y, ⋄) are nominal sets then
(X + Y, ⋆) is also a nominal set: each z ∈ X + Y is either of the form (0, x)
and supported by the finite set supporting x in X, or is of the form (1, y) and
supported by the finite set supporting y in Y .

As in [13] we can take a set-theoretic approach and construct a single, ‘large’ SA-
set, i.e., an SA-class (a class equipped with an SA-action) FM(A) whose all elements
have the finite support property. One benefit is that if a particular construction can
be expressed in this language, then the action of permutations is inherited from the
ambient universe FM(A) without having to define it explicitly and without having
to prove the associated finite support property.

Recall the usual von Neumann cumulative hierarchy of sets:

• ν0 = ∅;
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• να+1 = ℘(να);

• νλ = ∪
α≤λ

να (λ a limit ordinal).

More generally, given a set U we can define analogue a cumulative hierarchy of sets
involving atoms from U [13]:

• ν0(U) = ∅;

• να+1(U) = U + ℘(να(U));

• νλ(U) = ∪
α≤λ

να(U) (λ a limit ordinal).

where + denotes the disjoint union of sets defined in Example 2.7 (7). Let ν(U) be
the union of all να(U). The class of sets built on atoms U is ν(U). We can build
the notions of SA-set and finite support property into such a hierarchy by tacking U
to be the SA-set A of atoms and replacing ℘(−) by ℘fs(−) (with the notations in
Example 2.7):

• FM0(A) = ∅;

• FMα+1(A) = A+ ℘fs(FMα(A));

• FMλ(A) = ∪
α≤λ

FMα(A) (λ a limit ordinal).

From Example 2.7 each FMα(A) is a nominal set. When we consider the union of all
FMα(A) we get an SA-class in which every element has finite support. The union of
all FMα(A) is called the Cumulative Hierarchy Fraenkel-Mostowski (CHFM) universe
and is denoted by FM(A). Using the names atm and set for the functions x 7→ (0, x)
and x 7→ (1, x) (the notations are preserved from Example 2.7) we have that every
element x of FM(A) is either of the form atm(a) with a ∈ A, or of the form set(X)
where X is a finitely supported set formed at an earlier ordinal stage than x. We call
elements of the form set(X) CHFM-sets and the elements of the form atm(a) atoms.

The SA-action · on the CHFM universe FM(A) can be defined recursively by:

π · atm(a) = atm(π(a)), π · set(X) = set({π · x |x ∈ X}).

An element x ∈ ν(A) is an CHFM-set if and only if the following conditions are
satisfied:

• y is a CHFM-set for all y ∈ x;

• x has finite support.

A CHFM-set x is not itself closed under the SA-action on FM(A) unless supp(x) = ∅.
Hence a CHFM-set is not necessarily nominal set in the sense of Definition 2.4. We
are especially interested on those CHFM-sets which are nominal sets.

A nominal CHFM-set is a CHFM-set with empty support. Hence if X is a nominal
CHFM-set then the restriction of the SA-action · on FM(A) to SA ×X will have the
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codomain equal with X because π ·X = X for all π ∈ SA. Nominal CHFM-sets will
be SA-sets and nominal sets as well.

We provide an axiomatic presentation of the Fraenkel-Mostowski (FM) set theory.
The axioms are the ZFA axioms (see [13]) together with the finite support property
(axiom 11). We convene that the symbol “⇒” means “implies”, and the symbol “⇔”
represents “if and only if”.

1. ∀x.(∃y.y ∈ x) ⇒ x /∈ A

2. ∀x, y.(x /∈ A ∧ y /∈ A ∧ ∀z.(z ∈ x ⇔ z ∈ y)) ⇒ x = y

3. ∀x, y.∃z.z = {x, y}

4. ∀x.∃y.y = {z | z ⊂ x}

5. ∀x.∃y.y /∈ A ∧ y = {z | ∃w.(z ∈ w andw ∈ x)}

6. ∀x.∃y.(y /∈ A ∧ y = {z | z ∈ x and p(z)}) for each formula p(z)

7. ∀x.∃y.(y /∈ A ∧ y = {f(z) | z ∈ x}) for each functional formula f(z)

8. (∀x.(∀y ∈ x.p(y)) ⇒ p(x)) ⇒ ∀x.p(x)

9. ∃x.(∅ ∈ x and (∀y.y ∈ x ⇒ y ∪ {y} ∈ x))

10. A is not finite,

11. ∀x.∃S ⊂ A.S is finite and S supports x (finite support property)

It is clear that ν(A) is a model of ZFA set theory, and FM(A) is a model of FM
set theory.

There exists some different approaches in the literature. Some authors define
the Fraenkel-Mostowski sets (FM-sets) in the same way we define the nominal sets
whilst other authors define the Fraenkel-Mostowski sets as elements in the Fraenkel-
Mostowski universe FM(A) (built using the cumulative hierarchy presented before)
which do not necessarily need to be nominal sets. In this paper we are interest
especially on those elements in FM(A) which are closed under the SA-action on
FM(A).

We define an FM-set as an element in FM(A) (i.e. as an CHFM-set). We define
an NFM-set as a nominal set with a special SA-action induced by the SA action
on FM(A). Precisely an NFM-set is a set from ZFA which is closed under the SA-
action on FM(A) and whose all elements are finitely supported. The SA-action on
an NFM-set will be called interchange function.

Definition 2.8.

i) An element from the FM universe FM(A) is called Fraenkel-Mostowski set
(FM-set).
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ii) An interchange function on a set X defined by the axioms of the ZFA set theory
is a function · : SA ×X → X defined inductively by π · a := π(a) for all atoms
a ∈ A and π · x := {π · y | y ∈ x}, which satisfies the axiom that for all x ∈ X
there is a finite subset S ⊂ A such that (a b) · x = x for all a, b /∈ S.

iii) An NFM-set is a pair (X, ·), where X is a set defined by the axioms of the ZFA
set theory, and · : SA ×X → X is an interchange function on X.

Clearly, FM(A) is an NFM-set.

Remark 2.9. Since SA is a group, the interchange function · : SA × X → X
is an action of group SA on set X; we have Id · x = x and π · π′ · x = (π ◦ π

′
) · x,

∀π, π′ ∈ SA. Thus we can express an NFM-set (X, ·) like a set provided by an action
· of SA on X.

Every NFM-set is also a nominal set. The converse is not valid.

Example 2.10. The set of atoms A with the SA-action defied as in Example 2.7
(1) is an NFM-set whilst the set of atoms A with the SA-action defied as in Example
2.7 (2) is a nominal set but not an NFM-set.

The property of the interchange function described in Definition 2.8 always allows
one to find a finite set supporting x, for each element x in an arbitrary NFM-set.

The following theorem follows immediately from Theorem 2.5.

Theorem 2.11. Let X be an NFM-set, and for each x ∈ X we define Fx = {S ⊂
A | S finite, S supports x }. Then Fx has a least element which also supports x. We
call this element the support of x, and we denote it by supp(x).

Example 2.12. We present some examples of how we can calculate the support
for various subsets of A:

1. If B ⊂ A and B is finite then supp(B) = B.

2. If C ⊂ A and C is cofinite then supp(C) = A \ C.

3. If D ⊂ A is neither finite nor cofinite, then we cannot find a finite set supporting
A.

The following Example (considered also in [13]) shows us how we can express the
usual λ-calculus in FM.

Example 2.13.

1. If X ′ is the set of λ-terms t, then we inductively define an action ⋆ of SA on
X ′ by:

• variable: π ⋆ a = π(a) whenever a is a variable (corresponding to atoms)
and π is a permutation of atoms.

• application: π ⋆ (tt′) = (π ⋆ t)(π ⋆ t′) for all λ-terms t and t′ and for all
π ∈ SA.
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• abstraction: π ⋆ (λa.t) = λ(π(a)).(π ⋆ t) for all variables a, all λ-terms t
and for all π ∈ SA.

It is easy to check that (X ′, ⋆) is a nominal set (it is also an NFM-set by the
definition of the SA-action) and the support of a λ-term t is the finite set of
atoms occurring in t, whether as free bound or binding occurrences.

2. Let X be the set of the α-equivalences classes of the λ-calculus terms t. We
can define an action · of SA on X by: π · [t]α = [π ⋆ t]α for all λ-terms t and
for all π ∈ SA (where [t]αrepresents the α-equivalence class of the λ-term t). If
two λ-terms t and t′ are α-equivalent, it is clear that π ⋆ t = π ⋆ t′ and so the
action · is well defined. It is easy to check that (X, ·) is a nominal set (it is also
an NFM-set). Moreover, X is a set which is in a bijection with an inductively
defined FM-set (according to [13]). If t is chosen to be a representative of its
α-equivalence class then supp(t) coincides with fn(t), where fn(t) is the set
of free variables of t defined by λ-calculus rules (see [13]). An α-equivalence
class of terms does not contain bound names (in the sense of the quotient of the
equivalence class over them). We cannot define a function bn : X → ℘fin(A)
which would be able to extract exactly the bound names for each FM element
t [13]. α-equivalent terms are identified in the nominal framework since two
α-equivalent terms have the same set of free variables.

Definition 2.14. If x ∈ A and y ∈ Y where Y is a nominal set, we say that x is
fresh for y and denote this by x#y if supp(x) ∩ supp(y) = ∅.

For an arbitrary name, we can always find a name outside its support, because for
all y we know that supp(y) is finite and, because A is infinite, we can find an atom x
such that x /∈ supp(y). This means ∀x.∃a ∈ A.a#x.

The following equivariance property hold in FM. A complete proof of this property
can be found in [13].

Remark 2.15. If we suppose that p((xi)i) is a formula in the logic of ZFA or FM,
where the free variables of p are listed in the set (xi)i, and (xi)i are arbitrary distinct
variables, then by induction on the structure of p and by definition of the interchange
function we obtain that ∀a, b ∈ A.(p((xi)i) ⇔ p((a b) · (xi)i)), where p((a b) · (xi)i)
denotes the result of substituting (a b) ·xj for all free occurrences xj from the set (xi)i
in p.

Definition 2.16. Let P be a predicate on A. We say that Na.P (a) if P (a) is true
for all but finitely many elements of A. Nis called the nominal quantifier.

The proof of the next result is simple, and uses only the definition of support [10].

Proposition 2.17.

1. Let X and Y be nominal sets. For each x ∈ X and y ∈ Y we have supp((x, y)) =
supp(x) ∪ supp(y).
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2. Let X be a finite FM-set. Then supp(X) = ∪{supp(x) |x ∈ X}.

Proposition 2.18. Let (xi)i be a set of distinct variables and p a formula in the
logic of FM. We have the following implications: [∀a ∈ A.(a#(xi)i ⇒ p)] ⇒ [ Na.p] ⇒
[∃a ∈ A.(a#(xi)i ∧ p)].

Proof: We know that the set {a ∈ A | a#(xi)i} is cofinite. If we assume that
∀a.(a#(xi)i ⇒ p), we have {a ∈ A | a#(xi)i} ⊂ {a ∈ A | p} and so, Na.p. Now, if we
assume Na.p, then {a ∈ A | p} is cofinite, and so, {a ∈ A | a#(xi)i} ∩ {a ∈ A | p} is
the intersection of two cofinite subsets of the infinite set A which cannot be empty.
Indeed, if we assume that the intersection B∩C of two cofinite subsets of A is empty,
we have CB∩C = A, and so CB ∪ CC = A; because CB and CC are finite, we obtain
A is finite which contradicts axiom number 10. �

Proposition 2.19. If the free variables of the formula p are contained in the set of
distinct variables {a, (xi)i}, we also have the converse implication: [∃a ∈ A(a#(xi)i∧
p)] implies [∀a ∈ A.(a#(xi)i ⇒ p)].

Proof: Let us suppose that for some a ∈ A we have a#(xi)i ∧ p. Then, by Remark
2.15, we obtain that for every atom b we have p(b, (a b) · (xi)i), where p(b, (a b) · (xi)i)
denotes the formula obtained when we substitute b for all free occurrences of a in p,
and (a b) · xj for all free occurrences of xj in p. Now if we suppose b#(xi)i, we get
(a b) · (xi)i = (xi)i (because we also have a#(xi)i), and so we obtain p(b, (xi)i). �

Definition 2.20. Let X be a nominal set and u ∈ X. If B ⊂ A, we define

u||B def
= {π · u |π ∈ Fix(B)}; u||B is called the freshness orbit of u on B.

Remark 2.21. u||B is an equivalence class of the sets which are equal up to
a renaming of atoms which are not in B (because for π ∈ Fix(B) we have u||B =
(π · u)||B). For example, we have a||{b} = {a, c, d, e, ...}.
We define the abstraction function to be used for binding operators in various calculi.
By now we consider that the set A is equipped with the interchange function · :
SA × A → A (defined by π · a = π(a) for all π ∈ SA and all a ∈ A). That means we
consider A an NFM-set.

Definition 2.22. Let X be a nominal set.

1. For a ∈ A and x ∈ X we can define an abstractive element to be of form [a]x
where [a]x = ∩{V ⊂ A×X | (a, x) ∈ V ∧ supp(V ) ⊂ supp(x) \ {a}}.

2. We define the abstraction function to be the function abs : A × X → [A]X =
{[a]x | a ∈ A ∧ x ∈ X}, (a, x) → [a]x.

We often use the notion of α-abstraction for abstractive elements by analogy with the
abstraction in the λ-calculus. Corollary 2.24 and Example 2.13 make this analogy
possible. We can prove that [a]x = (a, x)||(supp(x) \ {a}).

Theorem 2.23. ([11]) Let X be a nominal set. If a ∈ A and x ∈ X, then
[a]x = (a, x)||(supp(x) \ {a}). This means that [a]x is the freshness orbit of (a, x) on
supp(x) \ {a}.
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Corollary 2.24. ([13]) Let X be a nominal set, a ∈ A and x ∈ X. Then we
have

a) [a]x = {(y , (y , a)x ) | y ∈ A, y ̸= a and y#x} ∪ {(a, x )}.
b) supp([a]x) = supp(x) \ {a}.

Example 2.25.

• [a](A\{a}) = {(a,A\{a}), (b, A\{b}), (c, A\{c}), ...}

• [a]{a, b} = {(a, {a, b}), (c, {c, b}), (d, {d, b}), (e, {e, b}), ...

From [10] we know the following result:

Proposition 2.26.Let X be a nominal set. Let a, b ∈ A and x, y ∈ X. We have
[a]x = [b]y if and only if one of the following statements is true:

• a = b and x = y.

• a ̸= b, b#x and y = (b a) · x.

Corollary 2.27. Let X be a nominal set. Let a, b ∈ A and x, y ∈ X. If we have
c#(a, b, x, y) and [a]x = [b]y, then (a c) · x = (b c) · y.

Remark 2.28. For a λ-term x, we denote by fn(x) the free names for x. We
can say (according to Corollary 2.24 and Example 2.13) that fn([a]x) = fn(x) \ {a}.
This means that [ ] can be seen as a binding of a in x.

In the previous results about abstraction we can consider X to be the nominal set
FM(A) and the elements of X to be the FM-sets. Hence, whenever x is an FM-set,
the element [a]x can be defined as in Definition 2.22. The element [a]x will be equal
with {(y, (y, a)x) | y ∈ A, y ̸= a and y#x} ∪ {(a, x)} which is an FM-set because of
axiom number 6 of the FM set theory. Whenever a ∈ A and x is an FM-set, we have
supp([a]x) = supp(x) \ {a}. Proposition 2.26 and Corollary 2.27 are valid when X is
FM(A), that is, x, y are FM-sets. More details are in [13].

3. πI-Calculus

The π-calculus [17] is a widely accepted model of interacting systems with dy-
namically evolving communication topology; π-calculus allows channels to be passed
as data along other channels, and this introduces a channel mobility. We work with
the monadic version of the π-calculus. The processes are defined over the set X of
names by the following grammar:

P ::= 0 | x⟨z⟩.P | x(y).P | P | Q | P +Q | !P | newxP .
0 is the empty process. The other process expressions are defined by guarded pro-

cesses x⟨z⟩.P and x(y).P , parallel composition P | Q (that is the components P and
Q can proceed independently and can interact via shared names), nondeterministic
choice P +Q, replication !P and a restriction new xP creating a local fresh channel
x for the process P (components of P can use x to interact with one another but
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not with other processes). π-calculus replication !P can also be expressed by recur-
sive equations of parametric processes (!P can be thought as an infinite composition
P |P |...). The guards are input guards and output guards. They represent sending
and receiving a message (name) along a channel. The output guarded process x⟨z⟩.P
sends z along x and then, after the output has completed, continues as P . An input
guarded process x(y).Q waits until a name is received along x, substitutes it for the
bound variable y and continues as Q. The parallel composition x⟨z⟩.P | x(y).Q may
synchronize two processes along a channel x. The processes can interact by using
names they share. A name received in one interaction can be used in another; by
receiving a name, a process can interact with processes which are unknown to it,
but now they share the same channel name. The π-calculus mobility stems from its
scoping of names and extrusion of names from their scopes.

There is an important distinction between input and output guards. Output guard
is a simple sending of a name z along a channel x, but the input guard has a more
complex action: the name received along the channel x will replace y in the process
following the input guard. Input guard is a binding operator involving substitutions.
In x(y).P , the name y binds free occurrences of y in P . In a second binding operator
new xP , the name x binds free occurrences of x in P . After this discussion we are
able to give the following definition:

Definition 3.1. In each x(z).P and new zP , the displayed occurrences of z is
binding with scope P . An occurrence of a name in a process is bound if it is, or it lies
within the scope of, a binding occurrence of a name.

An occurrence of a name in a process is free if it is not bound.

We write fn(P ) for the set of names that have a free occurrence in P. It is straight-
forward to show by induction that fn(P ) is finite for every P .

The free names of process circumscribe its capabilities for action: for a name x,
in order for P to send x, to send via x or to receive via x, it must be that x ∈ fn(P ).
Thus in order for two processes to interact via a name, that name must occur free in
both of them, in one case expressing a capability to send, and in another a capability
to receive.

For the binding of a name in a process x(z).P , the free occurrences of z in P
indicate the places where the name received via x will be substituted when the pro-
cess acts. It is by means of such substitutions of names for names that change of
connectivity among the components of a system is expressed.

For the second binding operator new zP , that means that the components of P can
use z to interact with one another but not with other processes. Also, (in π−calculus)
in new zP , components of P can also pass z to one another, and they can extrude
the scope of z by sending z via some other name.

Definition 3.2. (α-convertibility)
1. If the name y does not occur in the process P , then P{y|z} is the process

obtained by replacing each free occurrence of z in P by y.
2. A change of bound names in a process P is the replacement of a subterm x(z).Q

of P by x(y).Q{y|z}, or the replacement of a subterm new zQ of P by new yQ{y|z},
where in each case y does not occur in Q.
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3. The processes P and Q are α-convertible (and denote it by P ≡α Q) if Q can
be obtained from P by a finite number of changes of bound names.

It is easy to remark that α-convertibility in π- calculus is the same as the α-
equivalence in λ-calculus. In [22] the processes which are α-convertible are identified
by convention. In the nominal approach we do don’t need to use any convention.
We shall prove that two processes are α-convertible if and only if they are equal.
In the FM-approach we are able to prove mathematically (as in Example 2.13) that
α-convertible processes are identical, whilst in the ZF approach we assume this fact
to be valid only by convention.

A complete presentation of the π-calculus is given in [17] and [22].
In [21], Sangiorgi separates the mobility mechanisms of the π-calculus into two,

respectively called internal mobility and external mobility. The former arises when an
input meets a bound output, i.e., the output of a private name; the latter arises when
an input meets a free output, i.e., the output of a known name. Internal mobility is
responsible for much of the expressiveness of the π-calculus, whereas external mobility
is responsible for much of the semantic complications.

The main distinction between the internal and external mobility is clearly ex-
plained in Section 2.2 of [21]. The internal mobility appears when a bound output

interacts with an input: x(z).P |x(z).Q τ−→ newz(P |Q). The interaction consumes the
two prefixes but leave unchanged the derivatives underneath. With internal mobility,
α-conversion is the only form of name substitution involved. The external mobility
appears when a free output interacts with an input: x⟨y⟩.P |x(z).Q τ−→ P |Q{y|z}. In
this case a substitution must be imposed. We present the πI-calculus following [21].

Definition 3.3. The class of (finite) πI processes is described by the following
grammar:

P ::= 0 | x(z).P | x(y).P | P | Q | P +Q | new xP .

In πI, the input and output constructs are truly symmetric: Since only outputs
of private names are possible, an input x(z).P means “receive a fresh name at x”,
which is precisely the dual of the output x(z).P . Indeed, we can define a “dual”
operation which transforms every output into an input and vice versa: the symmetry
of the calculus is then manifested by the fact that dual commutes with the transition
relation [21]. The transition rules are labelled by the actions. In πI, we have three
kinds of actions:

Definition 3.4. The actions in the πI-calculus are given by

α ::= x(z) | x(y) | τ .

The bound output action x(z) is sending a fresh name z via x; here x is a free
name, and z is a bound name. The bound input action x(y) is receiving a fresh name
y via x; here x is a free name, and y is a bound name. τ is the internal action; no
free and bound names.

The transition relation labelled by α is written, in πI,
α−→
πI

where α symbolizes the

action, and πI indicates the used calculus. For example P
x(y)−−−→
πI

Q means that P can
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send y via x and evolve to Q; P
x(y)−−−→
πI

Q means that P can receive y via x and evolve

to Q.

Definition 3.5. The following labeled transition rules define the Sangiorgi se-
mantics of the πI- calculus.

OUT :
x(y).P

x(y)−−−→
πI

P
INP :

x(y).P
x(y)−−−→
πI

P

TAU :
τ.P

τ−→
πI

P
SUM :

P
α−→
πI

P ′

P +Q
α−→
πI

P ′

ALPHA :
P ≡α Q , Q

α−→
πI

R

P
α−→
πI

R
,

where P ≡α Q means that Q can be obtained from P after an α-conversion.

PAR :
P

α−→
πI

P ′

P | Q α−→
πI

P ′ | Q
, bn(α) ∩ fn(Q) = ∅

COM :
P

x(z)−−−→
πI

P ′ , Q
x(z)−−−→
πI

Q′

P | Q τ−→
πI

new z(P ′ | Q′)
RES :

P
α−→
πI

P ′

new zP
α−→
πI

new zP ′
, z ̸∈ n(α)

4. Nominal Semantics of the πI-Calculus

We rewrite the transition rules from Definition 3.5 in a nominal form by using
specific nominal techniques. In the same way we did for the π-calculus in [3], we can
express the transition rules in πI in a compact form.

Using the same arguments as in Example 2.13, we can say that the set of the
πI-calculus terms form an NFM-set and the set of the πI-calculus terms modulo α-
conversion form also an NFM-set and an FM-set. If we organize the set of variables
as an NFM-set (variables in πI-calculus are atoms, and the set A of atoms can be
organized as an NFM-set with the SA-action given in Example 2.7 item 1), we can
define the abstraction between a variable and a πI-calculus term in the sense of
Definition 2.22. In each of the expressions x(y).P , x(y).P and new yP , we have that
y is bound. We can use the notion of abstraction and we write these expressions like
x[y]P , x[y]P and new[y]P , respectively. In this case we can see bindings represented
by new and input as α-abstractions (or abstractive elements of Definition 2.22) defined
in FM. However, we do not unify new and input by the same α-abstraction.

Remark 4.1. We recall that in the FM approach there are no bound names. The
“binding” made by new and input can be seen (each time) as an α-abstraction in the
sense of Definition 2.22. However α-abstraction is used to emphasize that, when we
apply new zP (or x(z).P or x(z).P ), we eliminate z from supp(P ) which intuitively
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is a “binding of supp(z) in P” (we know that supp([z]P ) = supp(P ) − {z} and the
support of a process P is precisely the set of free names of P ). From now on, we shall
simply call these α-abstraction generated by new and input, bindings.

In the nominal approach we do not define a structural congruence. However re-
mark that processes which are obtained from one another by an α-conversion are
identified in the nominal framework (Example 2.13). Before defining the transition
rules of the new (nominal) semantics of the πI-calculus we state the following prop-
erty:

Remark 4.2. The syntax and the basic actions: bound input, bound output and
internal action are the same both in the Sangiorgi semantics and in the nominal
semantics of the πI-calculus with the mention that α-equivalent terms are identified
in the nominal approach.

We make the distinction between the global binding (given by quantifiers) and
local binding (given by output, input and new). If a variable appears bound one
time locally and second time globally in the same transition rule, this thing does
not represent a logical contradiction. In the following rules, the binding provided by
new and input (in the sense of Remark 4.1) will be seen as a local binding only for
the following process (for example in the expressions x[y]P , x[y]P and new[y]P , y
binds the free occurrences of y only in P ), and the binding made by the quantifiers
∀ and Nwill be seen as a global binding, for the entire rule. So, it is possible to
have, in some rules, expressions of forms ∀y, ....f1(x[y]P, ...), ∀y, ....f2(new[y]P, ...),
∀y, ....f3(x[y]P, ...), Ny, ....f4(x[y]P, ...), Ny, ....f5(new[y]P, ...) or Ny, ....f6(x[y]P, ...).
The formulas ∀y, ....f1(x[y]P, ...), ∀y, ....f2(new[y]P, ...), and ∀y, ....f3(x[y]P, ...) ex-
press that f1(x[y]P, ...), f2(new[y]P, ...), and respectively f3(x[y]P, ...) are valid, and
their validity does not depend of y. Also, Ny, ....f4(x[y]P, ...), Ny, ....f5(new[y]P, ...)
and Ny, ....f6(x[y]P, ...) means that f4(x[y]P, ...), f5(new[y]P, ...), and respectively
f6(x[y]P, ...) are valid for all but finitely many y (eventually these are valid iff y is
fresh for an expression or for a process). For example, the expression

∀x, y. Nz.∀P,Q.
P

x(y)−−−→
nI

Q

new[z]P
x(y)−−−→
nI

new[z]Q
,

where by · −→
nI

· we denote a transition in the nominal semantics of the πI, is correctly

written even we should be tempted to say that y and z are bound two times. The
variables x, y and z are globally bound one time. The second binding, made by new
and input, is a local one, and it is restricted to the processes P and Q (or respectively
to the action x(y)). So, to say that

∀x, y. Nz.∀P,Q.
P

x(y)−−−→
nI

Q

new[z]P
x(y)−−−→
nI

new[z]Q
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is the same thing with saying that

P
x(y)−−−→
nI

Q implies new[z]P
x(y)−−−→
nI

new[z]Q

if z satisfy some cofinitess conditions (we’ll prove later that these conditions are: z
is fresh both for x and for y).

Definition 4.3. The following labeled transition rules define the nominal se-
mantics of the πI-calculus.

1. ∀x, y, P.x[y]P x(y)−−−→
nI

P (n-bound output)

2. ∀x, y, P.x[y]P x(y)−−−→
nI

P (n-bound input )

3. ∀P.τ.P τ−→
nI

P (n-tau)

4. ∀α, P,Q,R.
P

α−→
nI

Q

P +R
α−→
nI

Q
(n-sum)

5.
P = αQ , Q

α−→
nI

R

P
α−→
nI

R
,

where P =α Q means that P = Q and Q can be obtained from P by a renaming
of bound names in P

6. For parallel composition we have the following three transition rules (for bound
output, bound input and τ):

(a) ∀R. Ny.∀x, P,Q.
P

x(y)−−−→
nI

Q

P |R x(y)−−−→
nI

Q|R

(b) ∀R. Ny.∀x, P,Q.
P

x(y)−−−→
nI

Q

P |R x(y)−−−→
nI

Q|R

(c) ∀P,Q,R.
P

τ−→
nI

Q

P |R τ−→
nI

Q|R

7. For restriction we have the following three transition rules (for bound output,
bound input and τ):
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(a) ∀x, y. Nz.∀P,Q.
P

x(y)−−−→
nI

Q

new[z]P
x(y)−−−→
nI

new[z]Q

(b) ∀x, y. Nz.∀P,Q.
P

x(y)−−−→
nI

Q

new[z]P
x(y)−−−→
nI

new[z]Q

(c) ∀P,Q, z.
P

τ−→
nI

Q

new[z]P
τ−→
nI

new[z]Q

8. ∀P,Q, x, z, R, S.
P

x(z)−−−→
nI

R , Q
x(z)−−−→
nI

S

P |Q τ−→
nI

new[z](R|S)
(n-com)

Remark 4.4. The presence of the symbol =α in the rule number 5 in Definition
4.3 is justified by the fact that, in the nominal framework, the relationship ≡α does
not have a special meaning. The α-equivalent terms are identified in the nominal
framework (see Example 2.13). Since the α-convertibility in π-calculus is the same
as the α-equivalence in the λ-calculus, P ≡α Q means that Q can be obtained from P
after an α-conversion, and in the nominal approach means that P = Q. We denote
this equality by =α. According to Proposition 2.26, we can obtain the following result:

1. If a[x]P = b[y]Q, then a = b and one of the following sentences is true:

• x = y and P = Q,

• x ̸= y and x#Q and P = (x y) ·Q.

2. If a[x]P = b[y]Q, then a = b and one of the following sentences is true:

• x = y and P = Q,

• x ̸= y and x#Q and P = (x y) ·Q.

3. If new[x]P = new[y]Q, then one of the following sentences is true:

• x = y and P = Q,

• x ̸= y and x#Q and P = (x y) ·Q.

Since every process is built by a recursive scheme as in Definition 3.3, a straightfor-
ward inductive method on the structure of the processes and the result presented in
this remark shows us that, if P = Q in the nominal framework, then Q is obtained
from P after a renaming of several bound names.

In this way, rule number 5 is trivial and could be eliminated. However, we chose
to present it in the nominal semantics of the πI-calculus only to emphasize that the
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rule ALPHA in the Sangiorgi semantics of the πI also have an analogue (the rule
number 5) in the nominal semantics of the πI.

In a transition rule, the free name are assumed (by convention) to be different from
the bound names. This assumption is possible since of the finite support property of
the FM set theory.

When, for a transition rule of form ∀x. Ny.∀P,Q.
P

u(x,y,...)−−−−−−→
nI

Q

R
v(x,y,...)−−−−−→

nI
S

(1) (where u(x, y, ...)

and v(x, y, ...) are not input actions; they are actions depending on x or on y...), we

have an analogue in the Sangiorgi semantics of the πI-calculus of form
P

u(x,y,...)−−−−−−→
πI

Q

R
v(x,y,...)−−−−−→

πI
S
,

whenever y ̸= x(2) (when this analogy is possible in the sense of Proposition 2.18 and
Proposition 2.19), we say that (1) and (2) are identical by convention (they have the
same effect) even they are different expressions. However, in this case, we prefer to
use nI in (1) only for emphasizing that (1) is a nominal semantic rule where quantifier
Nis present. Note that this identification (of (1) with (2)) is made by convention,

since the basic actions in nominal semantics are identical with those in the Sangiorgi
semantics of the πI-calculus.

The notion of identical by convention is not expressed mathematically; it is only
intuitive. We give a formal interpretation of this notion, and give a mathematical
proof of the equivalence of the Sangiorgi and of the nominal semantics of the πI.
First we define a set of transition rules in the form that Sangiorgi did (assuming some
cofinitess conditions in the rule’s hypothesis). Next we prove that these rules are in
fact identical with those in the nominal semantics of the πI.

Definition 4.5. A basic transition rule in the nominal semantics of πI is in a
Sangiorgi-nominal form if it coincides with one of the following rules:

OUTsnI :
x[y]P

x(y)−−−→
nI

P
INPsnI :

x[y]P
x(y)−−−→
nI

P

TAUsnI :
τ.P

τ−→
nI

P
SUMsnI :

P
α−→
nI

P ′

P +Q
α−→
nI

P ′

ALPHAsnI :
P =α Q , Q

α−→
nI

R

P
α−→
nI

R
,

where P =α Q means that P = Q and Q can be obtained from P after a renaming
of bound names in P

PARsnI :
P

α−→
nI

P ′

P | Q α−→
nI

P ′ | Q
, bn(α) ∩ supp(Q) = ∅

(bn is a convention of notation in the sense of Remark 4.6)
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COMsnI :
P

x(z)−−−→
nI

P ′ , Q
x(z)−−−→
nI

Q′

P | Q τ−→
nI

new[z](P ′ | Q′)

RESsnI :
P

α−→
nI

P ′

new[z]P
α−→
nI

new[z]P ′
, z ̸∈ bn(α) and z#α

(bn is a convention of notation cf. Remark 4.6).

We give some lemmas allowing us to prove that each transition rule in the nominal
semantics of the πI-calculus can be presented in a Sangiorgi-nominal form. Later we
prove a result saying that the Sangiorgi and the nominal of the πI provide the same
transitions.

Remark 4.6. We recall that a function as bn is not defined in the nominal logic.
In the rules of Definition 4.5, bn(α) is only a notation for the names of α which
are “bound” by new or input (in the sense of Remark 4.1). To eliminate bn from
the rules of Definition 4.5, we can split each transition rule which has conditions
where bn is present into two rules: one for transitions with bound names, and one for
ones without bound names. In our case, we present only one rule where bn is only
a notation with no special meaning (bn in our case is not the function bn defined in
the standard λ-calculus). If α is a bound input or a bound output where the name x
is bound, then x is denoted by bn(α) in that rule; if α has no bound names, then ∅ is
denoted by bn(α) in that rule.

The convention of notation presented in Remark 4.6 is often used in the proof of
the following lemmas.

Lemma 4.7.

1. The rule 1 in the nominal semantics of the πI-calculus is identical with the rule
OUTSnI .

2. The rule 2 in the nominal semantics of the πI-calculus is identical with the rule
INPSnI .

3. The rule 3 in the nominal semantics of the πI-calculus is identical with the rule
TAUSnI .

4. The rule 4 in the nominal semantics of the πI-calculus is identical with the rule
SUMSnI .

5. The rule 5 in the nominal semantics of the πI-calculus is identical with the
ALPHASnI .

6. The rule 8 in the nominal semantics of the πI-calculus is identical with the rule
OUTSnI .

In the view of Proposition 2.18 and Proposition 2.19, we are now able to provide
the following results:
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Lemma 4.8. The rule PARSnI of Definition 4.5 is identical with either the rule
number 6 item (a) (if the related action α is a bound output), (b) (if the action α is
a bound input) or (c) (if α is the internal action) in the nominal semantics of the
πI-calculus.

Proof: If α is the internal action, then bn(α) = ∅ (bn represents only a notation
and not the function bn in λ-calculus; see Remark 4.6) and the proof is trivial. Let
us suppose now that α have a bound name. For example let y be the bound name
of α and we chose an arbitrary Q. We study two cases: y can be bound by output

or by input. Let p be the formula “∀x, P, P ′.(P
x(y)−−−→
nI

P ′ implies P |Q x(y)−−−→
nI

P ′|Q)”

(where y is bound by output) and q be the formula “∀x, P, P ′.(P
x(y)−−−→
nI

P ′ implies

P |Q x(y)−−−→
nI

P ′|Q)” (where y in bound by input). The free variable of p are contained

in the set {y,Q}. Indeed, the set of free variables of p is formed only by Q (precisely
only by the set of free names of Q, which is included in Q) because P, P ′, x are bound
by the quantifier ∀ and y is bound by output; if we assume the free variables of p to be
only the variables of p unbound globally, then these free variables of p would be y,Q,
and again these are contained in the set {y,Q}. The free variables of q are contained
in the set {y,Q}. Indeed, the set of free variables of q is formed only by Q (precisely
only by the set of free names of Q, which is included in Q) because P, P ′, x are bound
by the quantifier ∀ and y is bound by input; if we assume the free variables of q to
be only the variables of q unbound globally, then these free variables of q would be
y,Q, and again these are contained in the set {y,Q}. Now, according to Proposition
2.18 and Proposition 2.19, we obtain the equivalence result: “∀y.(y#Q implies p)” if
and only if “ Ny.p”. Also, the assertion ∀y.(y#Q implies q) is equivalent with Ny.q.
Since Q was chosen arbitrarily we can say that the rule PARSnI in the Definition 4.5
is exactly the rule number 6 in the nominal semantics of the πI−calculus (item (a)
or (b) as y is bound by output respectively by input). �

Lemma 4.9. The rule RESSnI of Definition 4.5 is identical with either the rule
number 7 item (a) (if the related action α is a bound output), (b) (if the action α is
a bound input) or (c) (if α is the internal action) in the nominal semantics of the
πI-calculus.

Proof: If α is the internal action then n(α) = ∅ and proof is trivial. Let us suppose
now that α have a bound name. For example let y be the bound name of α. We
study two cases: y can be bound by output or by input. Let p be the formula

“∀P, P ′.(P
x(y)−−−→
nI

P ′ implies new[z]P
x(y)−−−→
nI

new[z]P ′)” (where y is bound by output)

and q be the formula “∀P, P ′.(P
x(y)−−−→
nI

P ′ implies new[z]P
x(y)−−−→
nI

new[z]P ′)” (where y

is bound by input). The free variables of p are contained in the set {x, y, z} (the set
of free variables of p is formed only by x because P, P ′ are bound by the quantifier ∀,
y is bound by output and z is bound by new; if we assume the free variables of p to
be only the variables of p unbound globally, then these free variables of p would be
x, y, z, and again these are contained in the set {x, y, z}) and the free variables of q are
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contained in the set {x, y, z} (the set of free variables of q is formed only by x because
P, P ′ are bound by the quantifier ∀, y is bound by input and z is bound by new;
if we assume the free variables of q to be only the variables of q unbound globally,
then these free variables of q would be x, y, z, and again these are contained in the
set {x, y, z}). Now, according to Proposition 2.18 and Proposition 2.19, we obtain
the equivalence result: “∀z.(z#{x, y} implies p)” if and only if “ Nz.p” Also we have
“∀z.(z#{x, y} implies q)” if and only if “ Nz.q”. Since x, y were chosen arbitrarily
and because for the action α we have n(α) = {y} ∪ fn(α), i.e., n(α) = {y} ∪ supp(α)
we can say that the rule RESSnI in Definition 4.5 is exactly the rule number 7 in
the nominal semantics of the πI−calculus (item (a) or (b) as y is bound by output
respectively by input). �

Corollary 4.10. The Sangiorgi-nominal transition rules of Definition 4.5 repre-
sents also the nominal semantics of the πI-calculus.

Proof: Since each transition rule in the nominal semantics of the πI-calculus de-
scribed in Definition 4.3 can be expressed in a Sangiorgi-nominal form (see Lemmas
4.7, 4.8, 4.9) we have that each transition rule presented in Definition 4.3 is identical
with a related rule in Definition 4.5. This identification is made by an equivalence
and not only by a convention. It is clear that the transition rules in Definition 4.5
also represents the nominal semantics of the πI-calculus. �

The main result of this paper is the following theorem.

Theorem 4.11. For any two processes P and Q and any action α we have

P
α−→
πI

Q iff P
α−→
nI

Q.

Before starting the proof of Theorem 4.11 we remind how we can prove, in the
general theory, the equivalence of two semantics of several calculi. For proving that
two semantics of the πI-calculus, namely π1 (where a transition is denoted by →1,
an action is denoted by α1 and a prefix is denoted by p1) and π2 (where a transition
is denoted by →2, an action is denoted by α2 and a prefix is denoted by p2), are
“equivalent” or “have the same expressive power”, we should be able to define an
encoding (morphism) φ : π1 → π2 with a special property between the syntactic
constructions, and to find a way to prove that everything that can be expressed with
the transition rules in π1 can also be expressed with the transition rules in π2 as an
image under the morphism φ and vice versa.

A practical way to do this is to define the morphism φ inductively by the following
rules:

1. φ(0) = 0.

2. φ(pi1.P1) = pi2.φ(P1), for each prefix pi1 and each process P1, where {pi1} are the
prefixes in π1 and each of the prefixes pi1 have an homologue corespondent pi2
in π2.

3. φ(P1|Q1) = φ(P1)|φ(Q1), for each P1, Q1.
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4. φ(new xP1) = new xφ(P1), for each x, P1.

With φ defined in this way we should be able to prove that φ is surjective and its
kernel is precisely the α-equivalence on π1. To prove that π1 and π2 are equivalent
semantics of π (or πI) we must show (the classical procedure is by induction after the
depth of the deduction tree) the following implications:

• For each P1, Q1, α1 in π1 we have that P1
α1−→1 Q1 implies φ(P1)

α2−→2 φ(Q1),
where α2 is the homologue corespondent in π2 of α1 (for example if π1 is the late
semantics of the π-calculus and π2 is the nominal semantics of the π-calculus
described in [3] then: if α1 = x(y) then α2 = x(y), if α1 = x(y) then α2 =
y bn x⟨y⟩, if α1 = x⟨y⟩ then α2 = x⟨y⟩, and if α1 = τ then α2 = τ).

• For each P2, Q2, α2 in π2, choosing fresh names for the bound atoms in P2

and Q2 such that P2 = φ(P1) and Q2 = φ(Q1), we have that P2
α2−→2 Q2

implies P1
α1−→1 Q1, where α2 is the homologue corespondent in π2 of α1 (for

example if π2 is the (restricted) nominal semantics of the π-calculus and π1 is the
(restricted) late semantics of the π-calculus then: if α2 = x(y) then α1 = x(y),
if α2 = y bn x⟨y⟩ then α1 = x(y), if α2 = x⟨y⟩ then α1 = x⟨y⟩, and if α2 = τ
then α1 = τ).

In our case, for the πI-calculus, the things are very clear. Both in the Sangiorgi
semantics of the πI-calculus and in the nominal semantics of the πI-calculus, the
processes are defined by the same syntax as in Definition 3.3 (up to a renaming of
“bound” names) and the basic actions are the same (the actions are presented in
Definition 3.4). So, it is not necessary to define explicitly a morphism φ between the
Sangiorgi semantics of the πI-calculus and the nominal semantics of the πI-calculus
as in the general theory. We can assume φ to be a morphism which leaves the processes
and the actions in both semantics unchanged (we recall that the terms obtained after
an α-conversion are identified in the nominal framework) and whose kernel is the
α-equivalence on the Sangiorgi semantics of the πI-calculus.

Such a φ is inductively induced by the nominal abstraction. The main property
of φ is that for any process P in π1 we have z /∈ fn(P ) iff z#φ(P ) (easy to proof by
induction on the syntax of φ). These properties of φ allow us to make the convention
of eliminating φ in the proof of the following theorem (φ is seen as an inclusion for
an easy writing).

In our mind it is possible to apply the rule ALPHA in the πI when a choice
of some fresh names is requested. However we do not specify, each time, explicitly
when we replace a process with an α-equivalent process. We can start the proof of
Theorem 4.11.

Proof: For the nominal semantics of the πI-calculus we consider the set of transition
rules presented in Definition 4.5 instead of the transition rules presented in Definition
4.3. By Corollary 4.10, these two sets of transition rules coincide. Each transition
of form P

α−→
nI

Q is obtained by applying repeatedly the basic transition rules in

Definition 4.5. We have to prove a double implication. The first part will be proved
by induction after the depth of the deduction tree of πI, the second by induction
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after the depth of the deduction tree of nI. To save space we do not rewrite out the
induction hypotheses in complete formality. We analyze only few cases. The rest of
them are analogue or trivial. First we prove that P

α−→
πI

Q implies P
α−→
nI

Q.

Case PAR. Let us assume that α = x(y) (the case when α = x(y) is identical and

the case when α = τ is trivial). Suppose P
x(y)−−−→
πI

P ′ and y /∈ fn(Q) for some Q. Then

P | Q x(y)−−−→
πI

P ′ | Q. By the inductive hypothesis P
x(y)−−−→
nI

P ′. Since y /∈ fn(Q) is the

same with y#Q (precisely with y#φ(Q); however we made a convention to eliminate φ

for an easy writing), we can apply the rule PARSnI and we obtain P | Q x(y)−−−→
nI

P ′ | Q.

Case RES. Let us assume that α = x(y) (the case when α = x(y) is identical

and the case when α = τ is trivial). Suppose P
x(y)−−−→
πI

P ′ and z /∈ n(x(y)). Then

new zP
x(y)−−−→
πI

new zP ′. By the inductive hypothesis P
x(y)−−−→
nI

P ′. Since z /∈ n(x(y))

means z ̸= x, y which is z#α and z /∈ bn(α) (bn(α) is only a notation in the sense of

Remark 4.6), we can apply the rule RESSnI and we obtain new[z]P
x(y)−−−→
nI

new[z]P ′.

Case ALPHA. Suppose Q
α−→
πI

R and P ≡α Q. Then P
α−→
πI

R′. By the inductive

hypothesis Q
α−→
nI

R. Since P ≡α Q means in the FM approach that P = Q (we

denoted this by P =α Q ) as it was proved in Example 2.13 or in Remark 4.4, it is

now clear that P
α−→
nI

R.

We prove the second implication: P
α−→
nI

Q implies P
α−→
πI

Q.

Case PARSnI . Let us assume that α = x(y) (the case when α = x(y) is identical

and the case when α = τ is trivial). Suppose P
x(y)−−−→
nI

P ′ and y#Q for some Q.

Then P | Q
x(y)−−−→
nI

P ′ | Q by PARSnI . By the inductive hypothesis P
x(y)−−−→
πI

P ′.

Since y#Q means y /∈ supp(Q) = fn(Q), we can apply the rule PAR and we obtain

P | Q x(y)−−−→
πI

P ′ | Q.

Case RESSnI . Let us assume that α = x(y) (the case when α = x(y) is identical

and the case when α = τ is trivial). Suppose P
x(y)−−−→
nI

P ′ and z#x(y) , z /∈ bn(x(y)).

Then new[z]P
x(y)−−−→
nI

new[z]P ′ by RESSnI . By the inductive hypothesis P
x(y)−−−→
πI

P ′.

Since z#x(y) and z /∈ bn(x(y)) (bn(α) is only a notation in the sense of Remark 4.6)
means z /∈ supp(x(y)) = {x} and z /∈ {y} we have that z /∈ n(x(y)). So, we can apply

the rule RES and we obtain new zP
x(y)−−−→
πI

new zP ′.

Case ALPHASnI . Suppose Q
α−→
nI

R and P = Q. Then, clearly P
α−→
nI

R′ (this

thing is trivial; however we can also apply the trivial rule ALPHASnI). By the

inductive hypothesis Q
α−→
πI

R. Since P = Q means that P ≡α Q (in the view of

Remark 4.4), we can apply the rule ALPHA in πI and we obtain that P
α−→
nI

R. �
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Remark 4.12. If we apply step by step the method of proving the equivalence of
several semantics presented before, in the proof of the Theorem 4.11 we obtain (by

induction) that P
α−→
nI

Q implies P
′ α−→

πI
Q

′
where P = φ(P

′
) and Q = φ(Q

′
) for

fresh choices of bound names in P and respectively in Q. Since φ leaves the processes
and the actions in both semantics unchanged, we have that P = φ(P ) Q = φ(Q).
Now, because the kernel of φ is precisely the α-equivalence it follows that P ≡α P

′

and Q ≡α Q
′
. By applying the rule ALPHA in πI, we also obtain that P

α−→
πI

Q. The

procedure described in this Remark is trivial, and it is done only in our mind. We
write just: P

α−→
nI

Q implies P
α−→
πI

Q.

5. Conclusion and Related Work

Notions as renaming, binding and fresh names appear in several approaches and
it became evident that they deserve to be studied in their own terms. Nominal sets
are related to the binding operators appearing in computer science, and represent
an alternative set theory, with a more relaxed notion of finiteness. The theory of
nominal sets was developed initially by Fraenkel and Mowstowski in 1930s. At that
time, nominal sets were used to prove independence of the Axiom of Choice and
other axioms in the classical ZF set theory. In computer science, they have been
rediscovered by Gabbay and Pitts in [13] as an elegant formalism for modeling name
binding. Since then, nominal sets have become a lively topic in semantics. Nominal
sets were also independently rediscovered by the concurrency community, as a basis
for syntax-free models of name-passing process algebras [18], and used in automata
theory as a framework for describing automata on data words [9]. Computation in
nominal sets have also been defined in [8]. In [6] the monoids defined in the category
of nominal sets (also called nominal monoids) are used in the study of languages
over infinite alphabets. The theory of syntactic monoids for languages of data words
represents the same theory as the theory of finite monoids in the category of nominal
sets, and under certain conditions, a language of data words is definable in first-order
logic if and only if its syntactic monoid is aperiodic [7]. In [16] formal languages over
infinite alphabets where words may contain binders are introduced. Nominal sets serve
as a good framework for database theory since atoms can be used as an abstraction
for data values, which can appear in a relational database or in an XML document.
Atoms can also be used to model sources of infinite data in other applications, such
as software verification, where an atom can represent a pointer or the contents of an
array cell. Nominal algebraic structures are presented in terms of finitely supported
objects in [1, 2]. The solution of the Scott recursive domain equation D ∼= (D → D)
in the FM framework is presented in [23].

This paper is an extended version of [4]. In this article we have rephrased the basic
transition rules of the πI-calculus from [21] in a nominal form, and provide the nominal
semantics of the πI-calculus. The transition rules in the nominal semantics of the
πI-calculus are presented compactly, using a mixing of quantifiers (∀, and the nominal
quantifier N) and not supplementary freshness conditions in their hypotheses. This



284 A. Alexandru, G. Ciobanu

compact presentation of the transition rules is obtained thanks to the finite support
property, Proposition 2.18, Proposition 2.19, and other technical results presented in
the second section of the paper. Finally, we can prove that there is an equivalence
between the nominal semantics of the πI-calculus and the usual (Sangiorgi) semantics
of the πI-calculus presented in [21] (see Theorem 4.11).

There exists many papers where process calculi are modeled by using different
techniques for binding. In [14], D. Hirschkoff formalised a subset of the π-calculus
excluding match, mismatch and sum in Coq by using de Bruijn indices. Higher order
abstract syntax (HOAS) was used to model the π-calculus in both Isabelle [20] and
in Coq [15]. However, approaches based on HOAS can suffer by some problems. For
example the function spaces can be too large. Also, function spaces can destroy the
inductive structure. When using HOAS terms, binders are represented as functions
of type name → term. If these functions range over the entire function space they
may produce exotic terms, so the formalisations have to ensure that those terms are
avoided. The nominal logic is a first order logic (see [19]) and, hence, exotic terms
can not appear. Moreover, in the nominal framework the existence of fresh names is
axiomatically assumed (each time when a such a name is requested) whilst in HOAS,
if we need to generate names, we may need to index all predicates and relations by
an explicit set of known names (see [15]).

Nominal techniques have also been used in order to formalise the π-calculus. In
[5] the π-calculus is formalised in Isabelle using the nominal datatype package [24].
The nominal techniques used in [5] are quite different from those proposed by us.
The nominal quantifier is not used in [5] (the nominal quantifier can not be used
to formalize the π-calculus in Isabelle). Our nominal semantics of the πI-calculus
is based on the nominal quantifier which is used in order to “encode” the freshness
conditions in the hypothesis of the transition rules of the πI-calculus. In paper [12],
M.Gabbay also uses nominal techniques to obtain new transition rules for the π-
calculus. Our goal is to provide nominal transition rules for the πI-calculus. We use
the quantifier Nto “encode” the freshness conditions in the hypothesis of the transition
rules of the πI-calculus, and we obtain a set of compact transition rules which defines
the nominal semantics of the πI-calculus. The main result of our paper states that
the Sangiorgi semantics and the nominal semantics of the πI-calculus have the same
expressive power. Our paper establishes an agreement between different presentations
which, potentially, may break down for more powerful systems.

In [3] we used the nominal quantifier to express the transition rules of the π-
calculus in the “weakest” form we need for describing the mobility. We made a
refinement of the transition rule L−CLOSEL such that we assumed a similar rule to
be valid only when some freshness conditions are satisfied. These freshness conditions
are motivated by the manner in which the links are moved in a virtual space of
linked processes. In the nominal semantics of the π-calculus defined in [3] (which is
completely different from the related nominal semantics of the π-calculus defined in
[12]), we can explain mobility using a transition rule which is assumed to be valid
only in a more restrictive hypothesis than its related rule in the late semantics of
the π-calculus. Even one transition rule in the nominal semantics of the π-calculus is
assumed to be valid only in a more restricted hypothesis than its related rule in the
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late semantics of the π-calculus, we are able to prove a complete equivalence between
the nominal semantics and the late semantics of the π-calculus because of the finite
support axiom.
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