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Abstract. An optical vortex undergoing a logarithmic — polar transformation is un-
wrapped from a ring — like shape to a straight line segment whose tilt is determined by the
order of the vortex. Due to this property, components with continuous optical surface per-
forming logarithmic — polar transformation are employed for the optical vortices sorting as a
function of their orders. In this work we show that a logarithmic — polar component with its
optical surface approximated by four discrete levels performs with a good approximation the
same transformation of the optical vortices.
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1. Introduction

Optical vortices (OVs) are diffraction patterns presenting a helicoidal wavefront in which the
photon has an orbital angular momentum (OAM) that is equal to mA where m is the order of the
OV and £ is the reduced Plank constant [1]. Their configuration is quite peculiar consisting on
a donut-like shape with a hole in its center for m # 0. In the center point of an OV the phase is
not defined.

Due to the fact that the OAM of an OV is easily adjustable and the fact that the OAM can
form an infinite Hilbert space, OVs have a wide range of applications in different domains. For
instance, OAM can be used for coding and transmitting information in classical and quantum
level [2]. Thus, the modulation of information in a photon’s OAM leads to a significant increase
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of the information capacity of the communication channels [3}/4]. Also, it was proven that OAM
can be used in quantum key distribution (QKD) scenarios with high security [5]] and in different
quantum communication protocols [[6]. For reasons concerning these domains of applications of
OVs it is very important to have efficient methods of separating different OAM states.

One of the simplest ways to achieve this task is to use fork-like holograms [7]. However, this
works only for a small number of OAM and has a limited efficiency. Other proposed methods are
the interferometric ones where i.e. Mach-Zender interferometers with Dove prisms on their arms
[8]] or interferometers based on Fourier and inverse Fourier gates [|9] are used. Another approach,
which is the subject of this work, is by performing a logarithmic-polar (log-pol) transformation
with the use of aspherical lens of focal distance f whose phase function is described by this
transformation. These lens together with a phase corrector will be able to change the OV’s donut-
like shape into a linear one whose tilt depends on the OAM. Thus, we create a correspondence
between the OAM and the optical path [10-13].

In this work we will perform a log-pol transformation by using optical elements whose sur-
face are discretized in 4-levels. This will allow us to Fourier expand the phase function of those
components. The higher terms will eventually be ignored because they are small. The numerical
results will be compared with the experimental ones.

2. Theoretical Background

The log-pol transformation consists of converting from the cartesian coordinates to the logarithmic-
polar coordinates defined by [2]:
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where a = % and b are scaling and positioning parameters. It was shown by G. Ruffato and
H. Kobayashi [14] that this transformation can be performed by an optical component with the
following phase function:
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where k = 27” is the wave number and X is the wavelength. Here we added an extra term due to

the sphericity of the lens of focal distance f. Thus, the integral of diffraction becomes:
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For simplicity we will consider in this study that the OVs have a Laguerre-Gaussian form.
This means that [[15]]:
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where wy is the initial waist of the beam from which we obtain the OV’s and n is a quantum
number associated to LGOV’s.

In the following, we will show that by preforming a Fourier expansion of a phase function
corresponding to an aspherical component with the optical surface discretized in 2V levels, one
finds that the leading term is equal to the phase function for the component with the continuous
surface. The higher order terms of the Fourier expansion bring their own contribution in the
diffraction integral.

As the number of levels increases the contribution of the higher order terms becomes smaller
such that in the limit of large /N the discreet optical surface approximates very well to the con-
tinuous one. To illustrate this, we present, as an example, the Fourier expansion of a spiral phase
plate (SPP) generating OV, whose optical surface is discretized in 2%V levels. Its phase function
is:
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where M = m 4+ mgpp, m is the order of the OV and mgpp is the order of the SPP. Knowing
that this function has the period i—’; we Fourier expand it and get:
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We substitute the equations (8) and (9) into the equation (7) and get:
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This result tells us that if one diffracts an OV of order m on a SPP of order mgpp with 2V
levels one gets a superposition of OVs of orders M, —M (2N — 1), M (2N + 1), M (2 x 2V —
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1), M(2 % 2N + 1),... In order to get the phase function for a SPP with a continuous surface
(N — 00) we will rewrite the equation as follows:
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The first infinite sum of the equation can be proven to go to 0 as N — oco by using the
squeeze theorem. The second infinite sum goes to 0 as well because it is the derivative of the first
one with respect to ¢ divided by M. Thus we have:
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The Fresnel diffractive integral becomes:
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where ¢ = arctan 22.

In the following, we present the same calculations for an optical component performing the
log-pol transformation. More specifically, we will consider a lens with 4-level discretized surface
that performs the log-pol transformation. Its phase function can be written as:
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By Fourier expanding it one gets:
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which is quite similar to the equation for N = 2 and M = 1 but we have the phase ¢,
instead of ¢, the only difference being the factor behind the sum. Thus, the Fresnel integral
becomes:
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where ¢ = arctan £2 . We plug eq. into this, make the change from cartesian coordinates
to polar coordlnates and get:
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where the additional phase ¢ (r, 0) in this coordinates takes the form:
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One can notice that the first term of the sumation in the last equation (¢ = 0) is exactly
the optical field obtained by diffracting an LGOV of quantum numbers n and m multiplied by
%. Its other terms have a significant contribution that generates background noise around the
OV. Another thing worth noticing is that the bigger the rank q of the term is the lesser is its
contribution in the sumation. That means that one can take into account only the first 3 terms
leading to the following approximation:
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In Fig. [l it is shown through some numerical results that the log-pol transformation grad-
ually changes the shape of the OVs of order m = n = 1 formed from the LG beams from their
donut-like shape into a linear one as one approaches the focal point of the lens. On the right hand
side we have the OV projected on a lens with a 4-level discretized surface and on the left hand
side the lens has a continuous surface. At the distance z = f/4 as shown in the Fig. and
the OVs have an annular shape with a cut on the vertical axis. As one gets closer to the focal
point at the distance z = f/2 the shape begins to stretch itself to look like a U reversed. At the
focal point the OVs’ shapes have now become linear. Another thing worth to be noticed is that
the projection on 4-level discretized surfaces brings a lot of background noise rendering the OV
obtained more unclear. The lesser the value of z the more unclear the OV is. However the shape
of the OV is similar to the case in which the OV is projected on a continuous surface.

The Fig. P]represents numerically OVs of order m = n =2 projected on lenses with continuous
surfaces and with 4-level discretized surfaces. The values of z for which the OV is plotted are
3f/8, f/2 and f . The same observations regarding the transformation of the shape of OV
with the distance and the blurriness of the Fig. obtained by projecting on the lens with the
discontinuous surface (Fig. 2d] 2¢ and [2f)) as in the precedent situation can be made. The main
differences between the OVs of order m = n = 2 and those of order m = n = 1 are the radius of
the OV and the length of the linear shape in the focal point both being smaller at the latter.

Finally, the OVs of order m = n =4 are plotted in Fig. [3] The values of z for which they were
plotted are the same as in the previous case. The same observations concerning the change of the
shape as z increases and the blurriness of the results obtained through projection on the lens with
4-level discretised surface can be drawn. Also, the dimensions of OVs of this order are bigger
than those of order 1 and 2 regardless of the value of z. The values that were chosen here for
the scaling and positioning parameters are d = 5 and b = 6mm. Those results are represented in
cartesian coordinates.

3. Experimental Setup

In order to experimentally show that indeed a four level log — pol optical component performs
within a good approximation the same transformation as a log — pol element with continuous



178 G. A. Bulzan et al.

(a) ()

(b
(e)

©
®

Fig. 1. The numerical result of a LG beam with OAM = h and (n = m) projected on a lens with
continuous surface on the left hand side and 4-level discretized surface on the right hand side that
performs the log-pol transformation with a focal distance of f = 4000mm at distance a) and d)
z=f/4,b)ande) z = f/2,c) and ) z = f and initial waist wy = 3mm

optical surface we used a space light modulator (SLM). The experimental setup is illustrated in
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Fig. 2. The numerical result of a LG beam with OAM = 2k and (n = m) projected on a lens
with continuous surface on the left hand side and 4-level discretized surface on the right hand
side that performs the log-pol transformation with a focal distance of f = 4000mm at distance a)
andd) z =3f/8,b)and e) z = f/2, ¢) and f) z = f and initial waist wy = 3mm

Fig. @ Here, on the active area of the SLM we transferred a composite image shown in Fig. [3]
consisting of two halves. On the right hand side it is transferred the phase function of a spiral
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Fig. 3. The numerical result of a LG beam with OAM = 4h and (n = m) projected on a lens
with continuous surface on the left hand side and 4-level discretized surface on the right hand
side that performs the log-pol transformation with a focal distance of f = 4000mm at distance a)
andd) z =3f/8,b)and e) z = /2, c) and f) z = f and initial waist wg = 3mm.
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Screen

Mirror

He - Ne laser

Fig. 4. The experimental setup.

Fig. 5. The figures used to produce the log-pol transformation. On the left hand side we have the
SPP that creates an OV of a)OAM = hb) OAM = 4h and on the right hand side we have the

holograms of the log-pol transformation. Upper we have the continuous form of the hologram
and lower we have the 4-level discreet form. Those figures were also presented in .

@) (b)

phase plate generating a vortex of the order 1 and 4, respectively, and on the left hand side, it
transferred the phase function of a log — pol element. The principle of the experimental set — up
is straightforward. A Gaussian beam produced by a He — Ne laser with A = 635nm impinges
on the right - hand side of the active area of the SLM. The beam is diffracted and converted to an
optical vortex of order 1 (or 4). This vortex propagates 500 mm into free space and is reflected
towards the left hand side of the active area of the SLM where the log — pol phase function is
transferred. The vortex is unwrapped by the log — pol element and propagates until it is projected
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on a screen whose distance z from the SLM is variable. The diffraction images projected on the
screen are recorded with a digital camera at the following propagation distances z=f/4, z=f/2 and
z=f. The experiments were performed for the case where the phase function of the log — pol
transformation is continuous and for the case where this was discretized in four levels as it is
shown in Fig. [5]

3.1. Results

el (f)

Fig. 6. The experimental results for an OV with OAM = h projected on the log-pol lens with
continuous surface (the left hand side) and 4 level discretized level (the right hand side). The
propagation distances are z = f/4 for a) and d), z = f/2 for b) and e) and z = f for ¢) and f). Those
results have also been presented in [16].

The experimental results are presented in the Fig. [6|and[7} respectively.

It can be seen the close similarity between the results obtained by the numerical computation
of the diffraction integral and the experimental results. Also, the images generated by continu-
ous log — pol component and the discrete one are similar for all practical purposes, fact which
indicates the possibility of using 4 level elements for vortices detection applications.

4. Conclusions

In this work, we showed theoretically, numerically and experimentally that an optical com-
ponent with an optical surface discretized in four levels can perform a log — pol transformation.
The optical pattern generated by an optical vortex diffracted by the log — pol component with
four level is similar to the one generated by a log — pol component with a continuous surface.
This is due to the fact that to the leading term of the Fourier expansion of the phase function
corresponding to the four level log — pol component is identical to the one of the phase function
corresponding to a continuous surface log — pol optical element. The numerical calculations and
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(e) (f)
Fig. 7. The experimental results for an OV with OAM = 4h projected on the log-pol lens with
continuous surface (the left hand side) and 4 level discretized level (the right hand side). The
propagation distances are z = f/4 for a) and d), z = f/2 for b) and e) and z = f for ¢) and f). Those
results have also been presented in [16].

the experiment demonstrate that the contribution to the diffraction integral of the higher order
Fourier terms is negligeable. This findings show that one can significantly reduce the technolog-
ical overhead in the process of manufacturing these log — pol optical components.
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