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Abstract. Dynamic task assignment in multi-agent systems aims to distribute limited
agent resources among time-varying tasks to improve operational efficiency and reduce com-
pletion time. This paper develops a game-theoretic distributed learning framework for dy-
namic task assignment by modeling the problem as an exact potential game that aligns indi-
vidual agent utilities with a global performance objective. The task dynamics capture time-
varying task loads under fixed agent execution capacities, and an analysis of optimal static
assignment characterizes completion-time minimization. Based on this potential game for-
mulation, a synchronous distributed learning algorithm is proposed that utilizes the potential
function as a Lyapunov measure, ensuring monotonic improvement and convergence to a
pure-strategy Nash equilibrium without centralized coordination. The algorithm relies only
on local information and supports parallel updates, enabling scalability and adaptability in dy-
namic environments. Numerical simulations demonstrate that the proposed method achieves
improved convergence behavior and higher task completion efficiency compared with repre-
sentative baseline algorithms.

Key-words: Distributed synchronous optimization; dynamic task assignment; Nash
equilibrium; potential game.
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1. Introduction
Task assignment in multi-agent systems distributes limited resources among dynamic tasks

to improve efficiency and reduce completion time [1]. Effective strategies are essential for co-
ordinated operation, since improper assignment may lead to underutilization and inefficient ex-
ecution [2, 3]. The single-task agent and multi-agent task (ST-MR) problem, where each agent
executes at most one task while tasks may require multiple agents, represents a fundamental for-
mulation [4, 5]. Because task assignment is NP-hard and scales with system size, scalable and
efficient methods are required for practical deployment [6, 7].

Centralized optimization achieves high-quality solutions but suffers from limited scalability
and single points of failure in dynamic environments [8, 9]. Distributed optimization enables
agents to make decisions using local information and limited communication, improving scala-
bility and robustness. However, purely heuristic or locally optimal decisions may fail to achieve
system-wide optimality when coordination is insufficients [10, 11]. Those challenges motivate
game-theoretic and distributed learning approaches that combine decentralized decision-making
with convergence guarantees [12, 13].

Game theory provides a framework for modeling interactive decision-making in multi-agent
systems and assignment problems [14, 15]. By treating task assignment as a strategic game,
agents optimize individual utilities while interacting with others [16]. Potential games offer a
structure in which a global potential function reflects system performance, enabling distributed
learning to converge toward equilibrium solutions aligned with collective objectives [17]. Al-
though potential game theory has been effective for assignment, most studies focus on static
environments, whereas dynamic task assignment with varying tasks and agents remains less ex-
plored [18, 19].

To address those challenges, this paper develops a game-theoretic distributed learning frame-
work for dynamic task assignment. The problem is formulated as an exact potential game linking
individual utilities with the global objective. A synchronous learning algorithm exploits the po-
tential function as a Lyapunov measure, guaranteeing monotonic improvement and convergence
to a pure-strategy Nash equilibrium without centralized coordination. The method operates in
a distributed manner and adapts to dynamic environments, providing scalable and robust task
assignment

The main contributions of this paper are summarized as follows: 1) The dynamic task assign-
ment problem is formulated as an exact potential game and prove the existence of a pure-strategy
Nash equilibrium. The potential function serves as a global performance metric, enabling dis-
tributed optimization of task assignments. 2) A synchronous distributed learning algorithm is
proposed to solve the assignment problem. The algorithm exploits the monotonic properties
of the potential function and guarantees convergence to equilibrium under finite iterations. 3)
Numerical experiments demonstrate the effectiveness of the proposed method in dynamic task
environments. Simulation results show superior convergence performance and task completion
efficiency compared with representative baseline algorithms.

The remainder of this paper is organized as follows. Section 2 introduces the dynamic task
model and problem formulation. Section 3 presents the optimal static task assignment frame-
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work. Section 4 presents dynamic task assignment and game model. Section 5 develops a
distributed learning algorithm for dynamic task assignment. Section 6 provides numerical ex-
periments and performance analysis. In the end, the entire paper is summarized.

2. Task Model and Problem Formulation

2.1. Dynamic task model
Denote by s0 > 0 the initial task load and by s′ the load increment per unit time ∆t. Without

agent execution, the task load evolves as [1]:

st = s0 + s′t, (1)

where s′ ≥ 0 (the load remains constant if s′ = 0). Let β denote the execution capacity of
an agent, representing the load completed in unit time. Under agent execution, the task load
becomes [1]:

st = s0 + (s′ − β)t. (2)

If s′ ≥ β, then limt→∞ st > 0 and the task cannot be completed; otherwise, completion is
achievable.

Consider a system with NA agents and NT tasks, whose sets are VA = {1, · · · , NA} and
VT = {1, · · · , NT }, respectively. Let Λj denote the set of agents assigned to task j. The total
execution capacity on task j is

βΣ
j =

∑
i∈Λj

βi, (3)

where βi is the execution capacity of agent i. From (2), the dynamic task model is

stj = s0j + (s′j − βΣ
j )t, j = 1, · · · , NT , (4)

where stj denotes the load of task j at time t. Each agent executes at most one task in a unit time.
Task dynamics are governed by agent assignment; if βΣ

j > s′j , task j completes in finite time
with shorter completion time for larger βΣ

j . The model therefore captures both single-task and
multi-task dynamic scenarios.

2.2. Problem formulation
The multi-agent dynamic task assignment problem allocates limited agent capacities to multi-

ple tasks with the objective of minimizing overall completion time. Let Tj denote the completion
time of task j; the system completion time is determined by the slowest task [1]:

Tfinal = max{T1, · · · , TNT
}. (5)

The assignment problem is formulated as [1]:

min
βΣ
1 ,··· ,βΣ

NT

Tfinal, s.t.
∑NT

j=1
βΣ
j = C, βΣ

j > 0, ∀j ∈ VT , (6)

where C denotes the total execution capacity and βΣ
j takes discrete values.
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Table 1. Notations used in the dynamic multi-agent task assignment model

Notations Definitions

NA the number of agents
NT the number of tasks
VA the set of agents
VT the set of tasks
stj the load of task j at time t

∆t the unit time
βi the execution capacity of agent i
βΣ
j the total execution capacity on task j

Λj the set of agents working on task j
s′j the load increment of task j in unit time
Tj the completion time of task j

Tfinal the final completion time of all tasks
C the total execution capacity of all agents

Rj(β
Σ
j ) the reward of task j

| · | the cardinality of a set
[t,∆t) the tth time stage
Xt the strategy space
xt
i the strategy of player i at time t

xt the strategy profile at time t
F the set of utility functions
fi the utility function of player i
f the global objective function
φ the potential function

3. Optimal Static Task Assignment
In this section, the following assumptions are first given.

i) The travel time of all agents is zero;
ii) The execution capacity of agents worked at each task is allowed to take continuous values;
iii) For each task j ∈ VT , the execution capacity βΣ

j satisfies βΣ
j > s′j .

From (4), the completion time of task j is

Tj =
s0j

βΣ
j − s′j

, (7)

which decreases with βΣ
j . Since βΣ

j > s′j , it results that Tj ∈ (0,+∞). Lemma 1 in [1] shows
that optimal assignment equalizes completion times.

The reward for task j is defined as

Rj(β
Σ
j ) = −e(s

′
j−βΣ

j )/s0j = −e−1/Tj(β
Σ
j ), (8)

with Rj(β
Σ
j ) ∈ (−1, 0). Increasing βΣ

j reduces Tj and increases Rj , so minimizing completion
time is equivalent to maximizing reward.

The total reward is

R(βΣ
1 , · · · , βΣ

NT
) =

∑NT

j=1
Rj(β

Σ
j ) = −

∑NT

j=1
e(s

′
j−βΣ

j )/s0j = −
∑NT

j=1
e−1/Tj(β

Σ
j ). (9)

Theorem 1. If βΣ∗
= (βΣ∗

1 , · · · , βΣ∗

NT
) is the optimal solution to the following optimization
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problem

max
βΣ
1 ,··· ,βΣ

NT

R(βΣ
1 , · · · , βΣ

NT
)

s.t.βΣ
1 + · · ·+ βΣ

NT
=

∑NT

j=1
βj = C

βΣ
j > 0,∀j ∈ VT .

(10)

then, βΣ∗
is also the optimal solution to the optimization problem (6).

Proof : Since (1/e)(β
Σ
j −s′j)/s

0
j ∈ (0, 1), by geometric mean inequality,

∑NT

j=1
e(s

′
j−βΣ

j )/s0j ≥ NT
NT

√∏NT

j=1
e(s

′
j−βΣ

j )/s0j ,

with equality iff
s01

βΣ
1 − s′1

= · · · =
s0NT

βΣ
NT
− s′NT

. (11)

Under (11), all terms in the sum are identical, so R(βΣ
1 , · · · , βΣ

NT
) attains its maximum and

T1(β
Σ
1 ) = · · · = TNT

(βΣ
NT

).

By Lemma 1 [1], this equal-completion solution is optimal for (6). Theorem 1 holds. ■
SinceβΣ∗

= (βΣ∗

1 , · · · , βΣ∗

NT
) solves (6) and (10), combining with (11) gives

βΣ∗

1 − s′1
s01

= · · · =
βΣ∗

NT
− s′NT

s0NT

= r, (12)

where r is the constant ratio. Then, it results that

βΣ∗

j = rs0j + s′j , ∀j ∈ VT . (13)

Since
βΣ∗

1 + · · ·+ βΣ∗

NT
=

∑NT

j=1
βj = C. (14)

Thus
r(s01 + · · ·+ s0NT

) + (s′1 + · · ·+ s′NT
) = C.

It implies

r =
C −

∑NT

j=1 s
′
j∑NT

j=1 s
0
j

, (15)

where C >
∑NT

j=1 s
′
j .

Thus, the optimal execution capacity deployed on task j is expressed as

βΣ∗

j =
C −

∑NT

j=1 s
′
j∑NT

j=1 s
0
j

· s0j + s′j , ∀j ∈ VT . (16)
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Fig. 1. A schematic figure of the function Rj(β
Σ
j ), where s′j = 0.6, s0j = 2.

If all agents have identical execution capacity β̃, then βΣ
j = nj β̃, where nj is the number of

agents assigned to task j. From (16), the optimal assignment is

n∗
j = βΣ∗

j /β̃,∀j ∈ VT . (17)

In general, n∗
j may be non-integer, but it provides guidance for finding the nearest feasible

integer solution (n∗
1, · · · , n∗

NT
).

Theorem 2. The function R(βΣ
1 , · · · , βΣ

NT
) =

∑NT

j=1 Rj(β
Σ
j ) is strictly concave over (s′1,+∞)×

· · · × (s′NT
,+∞).

Proof : From (8),

dRj

dβΣ
j

=
e(s

′
j−βΣ

j )/s0j

s0j
> 0, (18)

d2Rj

d(βΣ
j )

2
= −e(s

′
j−βΣ

j )/s0j

(s0j )
2

< 0, (19)

so Rj is strictly increasing and strictly concave on (s′j ,+∞). Since R is a sum of concave
functions (9), it is also strictly concave.

For any λ ∈ (0, 1), R(λβΣ+(1−λ)β̄Σ) > λR(βΣ)+(1−λ)R(β̄Σ), it is the strict concavity
of each Rj . Thus, R(·) is strictly concave over (s′1,+∞)× · · · × (s′NT

,+∞). ■

A schematic figure of the function Rj(β
Σ
j ) is given, and it is shown in Fig. 1. A corollary is

presented as follows.
Corollary 1. The function T (βΣ

1 , · · · , βΣ
NT

) = max{T1(β
Σ
1 ), · · · , TNT

(βΣ
NT

)} is strictly
convex over (s′1,+∞)× · · · × (s′NT

,+∞), where Tj(β
Σ
j ) is shown in (7) [1].

The proof can follow along the lines of the proof of Theorem 2 , thus, the proof of Corollary
1 is omitted.

Remark 1. The analysis shows that optimal assignment equalizes completion times and re-
duces the search space for discrete solutions. Designing (8) also models diminishing marginal
contribution of agents.
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4. Dynamic Task Assignment and Game Model
In practical multi-agent systems, task execution capacities are discrete and the initial assign-

ment is often suboptimal. To address time-varying task loads and distributed assignment, the
dynamic task assignment problem is formulated, and a potential game model is constructed.

4.1. Dynamic task assignment
In Section 3, the reward function used the initial load s0j for static analysis. For dynamic task

assignment it is generalized to depend on the instantaneous load stj , defined as

Rj(x
t) = −e(s

′
j−β

Σt
j )/stj . (20)

The reward remains strictly concave in βΣt
j for stj > 0, and maximizing reward is equivalent

to minimizing completion time.
Let us consider a system with NA agents and NT tasks. Each agent selects one task at stage

t, and the total capacity allocated to task j is

βΣt
j =

∑
i∈VA,xt

i=j
βi. (21)

The task load evolves as
st+∆t
j = stj + (s′j − βΣt

j )∆t, (22)

so task j completes if βΣt
j > s′j . The remaining completion time is

Tj(β
Σt
j ) =

stj

βΣt
j − s′j

. (23)

Hence
Tfinal = t+ max

j∈VT

Tj(β
Σt
j ). (24)

Define the global reward

R(βΣt
1 , · · · , βΣt

NT
) = −

∑NT

j=1
e(s

′
j−β

Σt
j )/stj = −

∑NT

j=1
e−1/Tj(β

Σt
j ). (25)

Therefore, maximizing R(·) is equivalent to minimizing Tfinal.

4.2. Potential game
Based on the above formulation, the dynamic task assignment problem at each time stage t

can be modeled as a strategic game.
Definition 1. The dynamic task assignment game is defined as G = (VA, X

t, F ), where
i) VA = {1, . . . , NA} is the set of agents (players);
ii) Xt =

∏NA

i=1 X
t
i is the strategy space at time t, where Xt

i = VT , and xt
i ∈ Xt

i denotes the
task selected by agent i;

iii) F = {f1, . . . , fNA
} is the set of utility functions.
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The global objective function is defined as

f(xt) = −
∑NT

j=1
e

s′j−β
Σt
j

st
j . (26)

The utility of agent i is designed as its marginal contribution to the global objective, i.e.,

fi(x
t
i, x

t
−i) = f(xt

i, x
t
−i)− f(x̄i, x

t
−i), (27)

where x̄i denotes a reference strategy in which agent i provides no execution capability.
Theorem 3. The game G = (VA, X

t, F ) is an exact potential game with potential function

φ(xt) = f(xt). (28)

Proof: For any agent i and any two strategies x′
i and x′′

i , while fixing xt
−i, by the definition

of marginal utility it results that

fi(x
′
i, x

t
−i) = f(x′

i, x
t
−i)− f(x̄i, x

t
−i), (29)

fi(x
′′
i , x

t
−i) = f(x′′

i , x
t
−i)− f(x̄i, x

t
−i). (30)

Taking the difference yields

fi(x
′
i, x

t
−i)− fi(x

′′
i , x

t
−i) = f(x′

i, x
t
−i)− f(x′′

i , x
t
−i). (31)

Thus, the change in the utility of any agent caused by unilateral deviation exactly equals the
change in the global objective function. According to the definition of exact potential games,
f(xt) is an exact potential function of the game. ■

5. Distributed Optimization Algorithm
Based on the exact potential game constructed in Section 4, a synchronous distributed learn-

ing algorithm is designed to solve the dynamic task assignment problem.
The global objective function defined in Eq. (26) is the exact potential function of the game.

Therefore, maximizing individual marginal utilities is equivalent to maximizing the global ob-
jective, and a synchronous best-response rule induces a distributed optimization process.

5.1. Synchronous game-based learning algorithm
Since the game is an exact potential game, the potential function φ(x) = f(x) in Eq. (26)

serves as a Lyapunov function.
At iteration t, all agents update in parallel. Each agent computes its best response

x̃t+1
i = arg max

k∈VT

f(k, xt
−i) (32)

The candidate joint profile is

x̃t+1 = (x̃t+1
1 , . . . , x̃t+1

NA
) (33)

The update is accepted only if
φ(x̃t+1) ≥ φ(xt) (34)

Otherwise, set xt+1 = xt.
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Algorithm 1 Synchronous Game-based Learning Algorithm

1. Initialize strategy profile x0

2. Set t← 0

3. Compute φ(xt) using Eq. (26)

4. In parallel, each agent computes best response (Eq. (32))

5. Form candidate profile (Eq. (33))

6. Compute φ(x̃t+1)

7. If Eq. (34) holds, set xt+1 ← x̃t+1; otherwise set xt+1 ← xt

8. If xt+1 = xt, terminate and return x∗

9. Set t← t+ 1 and go to Step 3

5.2. Convergence analysis

Theorem 4. The potential sequence {φ(xt)} is non-decreasing. By the finite improvement
property of exact potential games, and the finiteness of the strategy space, the algorithm con-
verges in finite iterations to a pure-strategy Nash equilibrium.

Proof: Monotonicity follows from the update rule φ(xt+1) ≥ φ(xt). Because the strat-
egy space is finite, the non-decreasing sequence must terminate. At convergence, no unilateral
deviation improves the potential, hence the limit point is a pure Nash equilibrium. ■

6. Experimental Results and Analysis
To evaluate the effectiveness of the proposed synchronous game-based learning algorithm,

simulations were conducted in a dynamic multi-agent task assignment environment following
the theoretical model. The experiment uses NA = 100 agents and NT = 20 tasks, where each
agent has execution capacity βi = 4, yielding total system capacity C = 400. The initial task
load is S(0) = 1000 and increases at rate s′ = 200 per unit time. Agent-to-task assignments are
initialized randomly to avoid bias. Performance is compared with three baselines: Synchronous
Best Response (S-BR) [20], Synchronous Best Response with Delay (S-BRD) [21], and Syn-
chronous Log-Linear Learning (S-LLL) [22].

Performance is measured by (i) System Completion Time Tfinal, defined as the first iteration
when all tasks are completed, and (ii) Convergence Iterations, measuring steps to equilibrium.

According to the dynamic task model, the load evolution is st+1 = st + (s′ − βΣ), where
βΣ = 400. Substituting parameters yields st+1 = st − 200. Thus, the total load decreases by
200 units per iteration in the idealized model. In practice, discrete assignment effects, efficiency
limitations, and synchronization overhead influence the empirical completion time.

The experiment validates the convergence properties of the proposed game-theoretic learn-
ing approach. As shown in Fig. 2, the system converges under game dynamics with monotonic
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Fig. 2. Remaining task load comparison with representative existing learning algorithms

improvement of the potential function, achieving coordinated task assignment and reaching zero
remaining load at 8 iterations. S-BR and S-BRD converge more slowly due to delayed or sequen-
tial updates, while S-LLL requires additional iterations because of probabilistic exploration but
enhances robustness. Overall, the results demonstrate that the game-theoretic mechanism enables
efficient task assignment, strong adaptability in dynamic environments, and superior convergence
performance compared with baseline methods.

The synchronous algorithm converges in finite iterations and outperforms baseline methods
while maintaining stability, confirming the effectiveness of game-theoretic learning for dynamic
multi-agent task assignment.

7. Conclusions and Future Research
In this paper, a dynamic multi-agent task assignment framework based on potential game

theory and distributed learning was proposed. By modeling task assignment as an exact poten-
tial game and proving convergence to a pure-strategy Nash equilibrium, the framework provides
theoretical guarantees for decentralized optimization and scalable coordination. A synchronous
distributed learning algorithm is proposed, which takes the potential function as a Lyapunov mea-
sure to ensure monotonic improvement and finite-iteration convergence to a pure-strategy Nash
equilibrium without centralized coordination. Leveraging only local information and supporting
parallel updates, this algorithms enables monotonic improvement and finite-time convergence
without centralized control. Those results demonstrate that the proposed method provides an ef-
fective game-theoretic solution to the complexity of dynamic task environments and distributed
resource assignment.

This paper is limited by the assumptions of zero agent travel time and fixed execution capac-
ities, which deviate from real-world multi-agent system dynamics such as mobility constraints
and variable task execution efficiency. Future research will extend the model to incorporate
agent travel costs and dynamic execution capacities, and explore asynchronous distributed learn-
ing algorithms to further reduce communication overhead and improve real-time performance in
large-scale multi-agent task assignment scenarios.
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