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Abstract. Fibonacci words represent a well-known category of infinite sequences of
words that have garnered significant attention in the fields of word combinatorics and theoret-
ical computer science. Fibonacci words possess exceptional structural properties that make
them stand out significantly. This study analyzes the languages produced by involutive Fi-
bonacci words, a distinct category of Fibonacci words. Fuzzy involutive Fibonacci words are
defined by incorporating membership degree into the rules of production. Their properties are
examined, and the formal languages linked to these words are defined.
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1. Introduction
Word combinatorics is a relationship between mathematics and computer science that fo-

cuses on combinatorial features used in the theory of computation. The study of square-free
words originates from the pioneering work of Thue [1], later collected in Selected Mathematical
Papers of Axel Thue [2]. This led to the exploration of combinatorics. The algebraic character-
istics of combinatorics were thoroughly examined in Lothaire [3]. However, the study of formal
languages is closely related to combinatorics on words, as both fields focus on the study of words.

Recently, people have been looking into different combinatorial features of words. For in-
stance, Kari and Mahalingam looked at special types of words that have repeating parts [4];
Czeizler and others studied how basic features of words are affected by DNA activity [5]; Yu
explored the repeating parts within words; and more [6]. The study then expands to encom-
pass two-dimensional arrays and their combinatorial properties. Researchers have constructed
various algorithms to study these properties. For instance, Knuth et al. [7] and Cole et al. [8]
elucidated pattern matching, while Geizhals et al. [9] created an algorithm to detect maximal
two-dimensional palindromes.
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As a string equivalent of Fibonacci numbers, Fibonacci words were discovered. Knuth first
presented it in 1968 [10]. However, according to Allouche and Shalit [11], pinpointing the actual
source of the Fibonacci words is challenging. This is because the research on Fibonacci words
was initially built on the basic ideas of Sturmian words, which are simple repeating sequences
[12]. Fibonacci words, specifically, emerged as a structured variant of Sturmian words, whose
lengths follow the Fibonacci sequence. By setting the initial terms f(0) = x and f(1) = y, for
all n ≥ 2 by recursively applying f(n) = f(n − 1) · f(n − 2), the infinite sequence of strings
is obtained. One of the combinatorial characteristics of Fibonacci words was studied by Aldo de
Luca [13]. In 1986, Berstel compiled a list of all the substantiated findings involving Fibonacci
words in a survey [14]. W. H. Chaun also studied about the Fibonacci words in detail [15], and
analysed their symmetric nature [16], indexing nature which helps in generation [17] and the
subwords of Fibonacci words [18]. In his discussion of factorization, G. Fici [19] addressed
Fibonacci and related infinite terms. Kalpana Mahalingam et al. [20] recently studied Watson-
Crick palindromes.

Lila Kari et al. [21] developed involutive Fibonacci words, driven by theoretical studies on
DNA computing [22]. Additionally, they have studied the characteristics of indexed and bordered
involutive Fibonacci words. By the end of the year 2022, they had examined primitivity in the
context of involutive Fibonacci words [23]. Hannah and Sheena discovered involutive Fibonacci
arrays and studied their properties [24].

1.1. Objective of this paper

In this paper one may find

• how the 0L-systems that generate involutive Fibonacci words are defined,

• how the fuzzy 0L-systems that generate fuzzy involutive Fibonacci words are defined,

• study some of the properties of the languages generated by 0L-systems and fuzzy 0L-
systems defined in the previous sections and,

• analyze how bi-chromatic pictures can be generated by means of involutive Fibonacci
words and prove that such languages of pictures are not recognizable.

1.2. Structure of this paper

This paper is organized in the following way: in Section 2, the essential terminology neces-
sary for the study is reviewed. Sections 3 and 4 explain the L-systems that create the languages
of involutive Fibonacci languages and fuzzy involutive Fibonacci languages, respectively. Sec-
tion 5 looks at the features of involutive Fibonacci languages created by their specific 0L-systems,
while Section 6 explores the closure properties of fuzzy involutive Fibonacci languages produced
by their own 0L-systems. Finally, in Section 7, the generation of pictures using the involutive
Fibonacci words is studied, and the languages of pictures generated by the involutive Fibonacci
words are not recognizable is proved.
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2. Preliminaries
In this section, various definitions that are necessary for our analysis are reviewed and dis-

cussed. For the fundamental definitions, one can refer to [21], [25], and [26].
Definition 1 [25]. An alphabet, represented by S, is a non-empty and finite assortment of

symbols. |S| denotes the count of symbols in S.
Definition 2 [25]. A string or word is defined as a series of symbols derived from an alphabet.

If S is an alphabet, then S∗ denotes the assortment of strings generated by concatenating zero or
more symbols from S. A subset of S∗ can be referred to as a one-dimensional language.

Definition 3 [25]. Concatenation of two strings s and t from S∗, represented as s · t or
st, is obtained by adding the symbols of t to the right end of s.(i.e.,) if s = s1s2 · · · sm and
t = t1t2 · · · tn, where s1, s2, · · · sm, t1, t2, · · · tn ∈ S, then st = s · t = s1s2 · · · smt1t2 · · · tn.

Definition 4 [25]. The length of a word s refers to the total count of symbols it comprises,
represented by |s|. If |s| = 0, then s is an empty string, commonly represented by ϵ. The set
S∗ \ ϵ = S+, where S+ denotes the assortment of all non-empty strings generated from the
alphabet S.

Definition 5 [25]. If s ∈ S∗, then sn is given by s · s · s · · · · s (n-times), for all natural n.
Definition 6 [26]. A 0L-system is expressed by a 3-tuple

G = ⟨S, P, ω⟩, (1)

where:

• S - non-empty and finite collection, called the alphabet of the system;

• P is a non-empty and finite subset of S × S∗. It is also known as the system’s production
set because it meets the following condition: ∀a ∈ S, ∃ ρ ∈ S∗ such that (a, ρ) ∈ P ;

• ω ∈ S∗ - axiom of the system.

To make a new string, the 0L-system applies rules of production to each symbol in the string
at the same time, starting with the premise or axiom. This process is generally called as parallel
rewriting. The 0L-system G defined above generates languages that are defined by

L(G) =
{
s ∈ S∗ : ω

∗−→ s
}

(2)

Definition 7 [26]. A fuzzy 0L-system is defined as a 5-tuple

FG = ⟨S, P, ω, I, µ⟩, (3)

where:

• S is a non-empty and finite collection, called the alphabet of the system;

• P is a non-empty and finite subset of S × S∗. It is also known as the system’s production
set because it satisfies the following condition: ∀a ∈ S, ∃ ρ ∈ S∗ such that the pair
(a, ρ) ∈ P ;

• ω ∈ S is the axiom of the system;

• I = {1, 2, · · · , |P |} is the set of labels assigned to the rules of production from P ;
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• µ : I → [0, 1] assigns membership degree to the rules of production from P , i.e., ∀ l ∈ I ,
∃m ∈ [0, 1] ⊂ R such that µ(l) = m.

The fuzzy language produced by the fuzzy 0L-system (3), given by L(FG), is described as
a fuzzy set in S∗. A string s ∈ S∗ is considered to be a member of this set in the following
manner:

• Let d be a derivation that changes ω into s by means of a sequence of steps. Let I ′ ⊆ I
consist of labels that precisely correspond to the productions used in d. The strength of
derivation d is defined by the smallest value of µ(l) for l in I ′, denoted by s(d).

• Let d1, d2, · · · , dr be distinct derivations of s. The membership degree of s in L(FG) is
as given here:

– If s = ω, then µL(FG)(s) gets a value of 1.

– If there does not exist a derivation ω
∗−→ s, then µL(FG)(s) takes the value zero.

– µL(FG)(s) is equal to the maximum value of the strength of di, s(di) for i =
1, 2, · · · , r.

Definition 8 [21]. The Fibonacci sequence is a sequence of natural numbers in which each
term is obtained by summing the two preceding terms. Specifically, F (n) = F (n−1)+F (n−2)
for all n ≥ 2, with F (0) = 0 and F (1) = 1 established. Any element of this sequence is referred
to as a Fibonacci number.

Definition 9 [21]. An involution is a function that functions as its own inverse. If τ2 is equal
to the identity function, where τ : X → Y is a function, then it is an involution for any two
non-empty sets X and Y . i.e., for any x in X , τ(τ(x)) = x.

Definition 10 [21]. A function τ : S∗ → S∗ is termed as morphism over S∗ if for u =
r1r2 · · · rk ∈ S∗, τ(u) = τ(r1r2 · · · rk) = τ(r1)τ(r2) · · · τ(rk), ∀ ri ∈ S, 1 ≤ i ≤ k.

Definition 11 [21]. A function τ : S∗ → S∗ is defined as a morphic involution on S∗ if it
serves as an involution on S and is extended to function as a morphism on S∗.

Definition 12 [21]. The sequences of atom standard alternating τ -Fibonacci and reverse
alternating τ -Fibonacci words, denoted as g(n) and g′(n) over S∗, are defined as {g(n)}n≥0

and {g′(n)}n≥0. The definitions are recursive: g(0) = g′(0) = x, g(1) = g′(1) = y, g(n) =
τ(g(n− 1)) · g(n− 2), and g′(n) = g′(n− 2) · τ(g(n− 1)) for n ≥ 2 and for x, y ∈ S, where
τ denotes a morphic involution over S∗.

Definition 13 [21]. The sequence of atom standard palindromic τ -Fibonacci and reverse
palindromic τ -Fibonacci words, denoted as w(n) and w′(n) over S∗ are defined as {w(n)}n≥0

and {w′(n)}n≥0. The definitions are recursive: w(0) = w′(0) = x, w(1) = w′(1) = y,
w(n) = τ(w(n− 1)) · τ(w(n− 2)) and w′(n) = τ(w′(n− 2)) · τ(w′(n− 1)) for n ≥ 2 and for
x, y ∈ S, where τ denotes a morphic involution over S∗.

Definition 14 [21]. The sequence of atom standard hairpin τ -Fibonacci and reverse hairpin
τ -Fibonacci words, denoted as z(n) and z′(n) over S∗ are defined as

{
z(n)

}
n≥0

and{
z′(n)

}
n≥0

. The definitions are recursive: z(0) = z′(0) = x , z(1) = z′(1) = y and z(n) =

z(n− 1) · τ(z(n− 2)) and z′(n) = τ(z′(n− 2)) · z′(n− 1) for n ≥ 2 and for x, y ∈ S, where
τ represents a morphic involution over S∗.
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3. L-systems to Construct Involutive Fibonacci Words
In this section, the definitions of the L-systems to construct the languages of Fibonacci and

involutive Fibonacci words and arrays are given.
Definition 15. The sequence of standard (reverse) Fibonacci words can be derived using the

0L-system as follows: the 0L-system is defined as the 3-tuple

FG = ⟨S, PF , ω⟩, (4)

where:

• S = {x, y}- alphabet of the system FG,

• PF - a non-empty and finite subset of S ×S∗, known to be the set of productions of FFG
given by:

PF =

{
{(x, y), (y, yx)} , for standard Fibonacci words,
{(x, y), (y, xy)} , for reverse Fibonacci words,

• ω = x is the axiom of FFG.

Thus, the rules of production in P are given as follows: x → y and y → yx for standard
Fibonacci words and x → y and y → xy for reverse Fibonacci words.

In a similar notion, the 0L-system to generate the languages of involutive Fibonacci words
are defined below.

Definition 16. The sequence of involutive Fibonacci words can be derived using the 0L-
system as follows: the 0L-system is defined as the 4-tuple

IFG = ⟨S, τ, PIF , ω⟩, (5)

where:

• S = {x, y}- alphabet of the system IFG,

• τ is a morphic involution over S∗,

• PIF - a non-empty and finite subset of S ×S∗, known to be the set of productions of IFG
given by:

PIF =



{(x, y), (y, τ(y) x), (τ(x), τ(y)), (τ(y), y τ(x))} , for standard alternating τ - Fibonacci words ,
{(x, y), (y, x τ(y)), (τ(x), τ(y)), (τ(y), τ(x) y)} , for reverse alternating τ - Fibonacci words
{(x, y), (y, τ(y) τ(x)), (τ(x), τ(y)), (τ(y), y x)} , for standard palindromic τ - Fibonacci words ,
{(x, y), (y, τ(x) τ(y)), (τ(x), τ(y)), (τ(y), x y)} , for reverse palindromic τ - Fibonacci words
{(x, y), (y, y τ(x)), (τ(x), τ(y)), (τ(y), τ(y) x)} , for standard hairpin τ - Fibonacci words ,
{(x, y), (y, τ(x) y), (τ(x), τ(y)), (τ(y), x τ(y))} , for reverse hairpin τ - Fibonacci words,

• ω = x is the axiom of IFG.

Definition 17. The above 0L-system IFG generates a language which is defined as

L(IFG) =
{
s ∈ S∗ : ω

∗−→ s
}

(6)
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Example 1. Consider the 0L-system AFG = ⟨S, τ, PAF , ω⟩, where S = {x, y}, τ is defined
by τ(x) = y and PAF is the set of rules of production of the standard alternating τ - Fibonacci
words, and ω = x is the initial symbol. Then the alternating τ - Fibonacci word yyyyyyyy is
derived using the rules as in (7): starting from x,

x ⇒ y ⇒ xx ⇒ yyy ⇒ xxxxx ⇒ yyyyyyyy (7)

Thus, the language generated by the above AFG is

L(AFG) = {x, y, xx, yyy, xxxxx, yyyyyyyy, · · · } . (8)

4. L-systems to Construct Fuzzy Involutive Fibonacci Words
In this section, the definition of the fuzzy Fibonacci 0L-system is recalled from [27], followed

by bringing in the concept of fuzzy involutive Fibonacci words.
Definition 18. [27] The fuzzy standard Fibonacci 0L-system is defined as the 5-tuple

FFG = ⟨S, P, ω, I, µ⟩, (9)

where:

• S = {x, y} is the alphabet of the fuzzy Fibonacci grammar FFG;

• P is a non-empty and finite subset of S × S∗, known to be the set of productions of FFG
given by:

P = {(x, y), (y, yx)}

• ω = x is the axiom of FFG;

• I = {1, 2} is the set of labels for the rules of production in P ;

• µ : I → [0, 1] assigns membership degree to the rules of production from P , i.e., there
exist two real numbers g1 and g2 ∈ [0, 1] such that µ(1) = g1 and µ(2) = g2.

Thus, the rules of production in P , along with their membership degree, are given as follows:

1. x → y, µ(1) = g1

2. y → yx, µ(2) = g2

where g1, g2 ∈ [0, 1].
Similarly, the fuzzy reverse Fibonacci 0L-system can be defined.
Definition 19. The Fuzzy reverse Fibonacci 0L-system is defined as the 5-tuple

FFG = ⟨S, P, ω, I, µ⟩, (10)

where:

• S = {x, y} is the alphabet of the fuzzy Fibonacci grammar FFG;
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• P is a non-empty and finite subset of S × S∗, known to be the set of productions of FFG
given by:

P = {(x, y), (y, xy)}

• ω = x is the axiom of FFG;

• I = {1, 2} is the set of labels for the rules of production in P ;

• µ : I → [0, 1] assigns membership degree to the rules of production from P , i.e., there
exist two real numbers g1 and g2 ∈ [0, 1] such that µ(1) = g1 and µ(2) = g2.

The definition of fuzzy involutive Fibonacci 0L-systems is given as follows.
Definition 20. The 0L-system that derives the sequence of fuzzy involutive Fibonacci words

is defined as the 6-tuple
FIFG = ⟨S, τ, PFIF , ω, I, µ⟩, (11)

where:

• S = {x, y}- alphabet of the system FIFG,

• τ is a morphic involution over S∗,

• PFIF - a non-empty and finite subset of S × S∗, known to be the set of productions of
FIFG given by:

PFIF =



{(x, y), (y, τ(y) x), (τ(x), τ(y)), (τ(y), y τ(x))} , for standard alternating τ - Fibonacci words ,
{(x, y), (y, x τ(y)), (τ(x), τ(y)), (τ(y), τ(x) y)} , for reverse alternating τ - Fibonacci words
{(x, y), (y, τ(y) τ(x)), (τ(x), τ(y)), (τ(y), y x)} , for standard palindromic τ - Fibonacci words ,
{(x, y), (y, τ(x) τ(y)), (τ(x), τ(y)), (τ(y), x y)} , for reverse palindromic τ - Fibonacci words
{(x, y), (y, y τ(x)), (τ(x), τ(y)), (τ(y), τ(y) x)} , for standard hairpin τ - Fibonacci words ,
{(x, y), (y, τ(x) y), (τ(x), τ(y)), (τ(y), x τ(y))} , for reverse hairpin τ - Fibonacci words,

• ω = x is the axiom of FIFG,

• I = {1, 2, 3, 4} is the set of labels that represent the rules of production in PFIF , and

• µ : I → [0, 1] assigns membership degree to the rules of production from PFIF , i.e., there
exist four real numbers g1, g2, g3 and g4 ∈ [0, 1] such that µ(1) = g1, µ(2) = g2, µ(3) =
g3 and µ(4) = g4.

Definition 21. The 0L-system FIFG defined above generates a language defined as

L(FIFG) =
{
s ∈ S∗ : ω

∗−→ s
}

(12)

and s takes the membership value µ according to Definition 2.
Example 2. Let r−FHFG = ⟨S, τ, Pr−HF , ω, I, µ⟩ be a reverse fuzzy hairpin 0L-system,

where S = {x, y}, τ is a morphic involution on S∗ defined by τ(x) = y and Pr−HF is the set
of rules of production of the reverse hairpin τ - Fibonacci words given by:

1. x → y, µ(1) = 0.8, 2. y → τ(x)y, µ(2) = 0.6,
3. τ(x) → τ(y), µ(3) = 0.4, 4. τ(y) → xτ(y), µ(4) = 0.75,
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and ω = x is the initial symbol. Then the fuzzy reverse hairpin τ - Fibonacci word (xxxyy, 0.4)
is derived using the rules as in (13): starting from x,

x
0.8−−→ y

0.6−−→ τ(x)y
0.4−−→ τ(y)τ(x)y

0.4−−→ xτ(y)τ(y)τ(x)y (13)

which is xxxyy.
Thus, the language generated by the above r − FHFG is

L(r − FHFG) = {(x, 1), (y, 0.8), (yy, 0.6), (xyy, 0.4), (xxxyy, 0.4), · · · } (14)

5. Properties of the Languages Generated by the Involutive
Fibonacci 0L-systems

In this section, some of the properties of involutive Fibonacci words are discussed. Through-
out this section, let FIB denote the class of Fibonacci languages, ALT FIB denote the class
of alternating Fibonacci languages, PAL FIB denote the class of palindromic Fibonacci lan-
guages, and HP FIB denote the class of hairpin Fibonacci languages.

Theorem 1.

FIB ⊊ ALT FIB, FIB ⊊ PAL FIB and FIB ⊊ HP FIB

Proof : Let FG = ⟨S, P, ω⟩ be the Fibonacci 0L-system that generates L(FG) ∈ FIB. Let
IFG = ⟨S ′, τ, P ′, ω′⟩ be the involutive (alternating/ palindromic/ hairpin) Fibonacci 0L-system,
where S ′ = S, P ′ = P, ω′ = ω and τ is an identity map in S ′. Then, L(IFG) = L(FG) and
therefore, FIB ⊂ ALT FIB, FIB ⊂ PAL FIB and FIB ⊂ HP FIB.

Consider L(AFG∗) = {x, y, xx, yyy, xxxxx, · · · } ∈ ALT FIB, generated by the fuzzy
alternating 0L-system AFG∗ = ⟨S, τ, P, ω⟩, with S = {x, y} , τ is a morphic involution in S
given by τ(x) = y, the set of alternating Fibonacci rules of production
P = {x → y, y → τ(y)x, τ(x) → τ(y), τ(y) → yτ(x)}, and ω = x. This 0L-system does not
generate any Fibonacci language, and hence FIB ⊊ ALT FIB.

Similarly, the other two instances can be shown. ■
Theorem 2. ALT FIB, PAL FIB and HP FIB are not closed under union, intersection,

concatenation, and complementarity.
Theorem 3. ALT FIB, PAL FIB and HP FIB are closed under homomorphism.
Proof : Let IFL be an involutive Fibonacci language (alternating, palindromic, or hairpin)

generated by the 0L-system IFG = ⟨S = {x, y} , τ, PIF , ω = x⟩. Let h : S → S ′ be a
homomorphism. In the 0L-system IFG, the following changes are carried out to get the new
system IFG′:

• Replace the symbols a by h(a) respectively, where a ∈ S and h(a) ∈ S ′ in PIF ;

• Replace the morphic involution τ by τ ′, where τ(a) = τ ′(h(a)), ∀a ∈ S;

• Replace ω = x by ω′ = h(x)

Thus the new 0L-system IFG′ = ⟨S ′, τ ′, P ′
IF , ω

′⟩ generates an involutive Fibonacci lan-
guage L′ over S ′. ■

Theorem 4. ALT FIB, PAL FIB and HP FIB are closed under inverse homomorphism.
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6. Closure Properties of the Languages Generated by the Fuzzy
Involutive Fibonacci 0L-systems

In this section, some of the closure properties of fuzzy involutive Fibonacci words generated
by their respective fuzzy 0L-systems are discussed. Throughout this section, FIFL denotes the
language of fuzzy involutive (alternating, palindromic, or hairpin) Fibonacci words generated by
their respective 0L-system.

Theorem 5. The family of FIFL is not closed under union, intersection, concatenation, and
complementarity.

The lack of closure is proved as follows by providing specific counterexamples. Consider the
alternating Fibonacci languages 1− FAFL1 = {(x, 1), (y, 0.5), (xx, 0.4), (yyy, 0.3), · · · } and
1−FAFL2 = {(x, 1), (y, 0.4), (yx, 0.3), (yxy, 0.4), · · · } . Then, 1−FAFL1 ∪ 1−FAFL2 =
{(x, 1), (y, 0.5), (xx, 0.4), (yx, 0.3), (xy, 0), (yy, 0), (yxy, 0.4), (yyy, 0.3), · · · }, 1−FAFL1 ∩
1 − FAFL2 = {(x, 1), (y, 0.4), (xx, 0), (yx, 0), (yxy, 0), (yyy, 0), · · · }, 1 − FAFL1 · 1 −
FAFL2 = {(xx, 1), (xy, 0.4), (xyx, 0.3), (yx, 0.5), (yy, 0.4), (yyx, 0.3), · · · } and
1 − FAFLC

1 = {(x, 0), (y, 0.5), (xx, 0.6), (xy, 1), (yx, 1), (yy, 1), (yyy, 0.7), (xxx, 1), · · · }
which are not alternating Fibonacci languages. Similarly, the other involutive Fibonacci lan-
guages can be checked.

Theorem 6. The family of FIFL is closed under homomorphism.
Proof : Let 1 − IFL be the fuzzy involutive Fibonacci language generated by the fuzzy

involutive Fibonacci 0L-system 1−FIFG = ⟨S = {x, y} , τ, PIF , ω = x, l, µ⟩. Let h : S → S ′

be a homomorphism. In the 0L-system 1− FIFG, the following changes are carried out to get
1− FIFG′:

• Replace the symbols a with h(a), ∀a ∈ S and h(a) ∈ S ′ in PIF ;

• Replace the morphic involution τ by τ ′ where τ(a) = τ ′(h(a)), for all a ∈ S;

• Define the new membership function µ′ by setting µ′(1) = µ(1), µ′(2) = µ(2), µ′(3) =
µ(3) and µ′(4) = µ(4).

Thus, the new fuzzy 0L-system 1−FIFG′ = ⟨S ′, τ ′, P ′
IF , ω

′, l, µ′⟩ generates a fuzzy invo-
lutive Fibonacci language L′ over S ′. ■

Theorem 7. The family of FIFL is closed under inverse homomorphism.

7. Pictures Generated Using Involutive Fibonacci Words
In this section the properties of the pictures (arrays) generated using the Fibonacci and invo-

lutive Fibonacci words are studied.

7.1. Generation of pictures
The pictures are generated in terms of the following steps:

• Step 1: First generate the involutive (alternating, palindromic, or hairpin) Fibonacci words
of order n, say, ω(n) which is of length F (n), where n ∈ N \ {1}

• Step 2: Fix the value of m ∈ N, the scale of the square array am,m that is to be generated.
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• Step 3: Consider the word ω(n) = ω1ω2 · · ·ωn, ωi ∈ {x, y}. Each ωi can be labeled
with the labels 0, 1, · · · ,m− 1.

• Step 4: Fill the square array ai,j with the symbols whose index is (i+ j) mod F (n).

• Step 5: The resultant array is the required picture generated by the involutive Fibonacci
word ω(n), where ω denotes either alternating, palindromic, or hairpin Fibonacci words.

The pictures generated in the above-said manner from the involutive Fibonacci words of order
7 and scale are fixed as 50, keeping black as x and white as y. These pictures are given in Table
1 in [29].

The assortment of pictures generated by an involutive (alternating, palindromic, or hairpin)
Fibonacci word is called the language generated from the involutive (alternating, palindromic, or
hairpin) Fibonacci words.

Example 3. The language generated by the reverse palindromic Fibonacci word xxy, whose
morphic involution τ is defined as τ(x) = y, of order 3 is


x,

x x
x x

,
x x y
x y x
y x x

,

x x y x
x y x x
y x x y
x x y x

,

x x y x x
x y x x y
y x x y x
x x y x x
x y x x y

,

x x y x x y
x y x x y x
y x x y x x
x x y x x y
x y x x y x
y x x y x x

, · · ·


(15)

Theorem 8. The languages of pictures generated from the involutive Fibonacci words are
not recognizable.

Proof : This is evident from the horizontal iteration lemma, also called the pumping lemma
for two-dimensional languages, which is considered the necessary condition for recognizability
[28]. It states that for a recognizable language L, there exists a function f : N → N, such that
if p ∈ L and the number of columns in p exceeds f(number of rows in p), then there exist some
pictures a, b and c with |a ⊖ b|col ≤ f(|p|row) and |c|col > 1 so that p = a ⊖ bi ⊖ ⊖ c ∈
L, i ≥ 0.

Since b, the subpicture of p needs to be pumped up in order to belong to L, making it recog-
nizable, which seems to fail in the scenario of the languages generated by the involutive Fibonacci
words.

This contradiction proves that L does not satisfy the pumping lemma and hence L is not
recognizable. An illustration of this result is given in [29]. ■

8. Conclusions
In this paper, the 0L-systems generating the languages of standard and reverse alternating,

palindromic, and hairpin Fibonacci words are defined, and their properties are discussed. Also,
the 0L-systems for fuzzy variants of these languages are introduced, and their characteristics are
examined.

As an application, how involutive Fibonacci words can be used to generate picture languages
is demonstrated. It is proven that these languages are not recognizable. Future research will
focus on studying involutive Fibonacci arrays generated by 0L-systems.
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